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The increasing complexity of heterogeneous cellular networks (HetNets)
due to the irregular deployment of small cells demands significant rethinking in
the way cellular networks are perceived, modeled and analyzed. In addition to
threatening the relevance of classical models, this new network paradigm also
raises questions regarding the feasibility of state-of-the-art simulation-based
approach for system design. This dissertation proposes a fundamentally new
approach based on random spatial models that is not only tractable but also

captures current deployment trends fairly accurately.

First, this dissertation presents a general baseline model for HetNets
consisting of K different types of base stations (BSs) that may differ in terms
of transmit power, deployment density and target rate. Modeling the locations
of each class of BSs as an independent Poisson Point Process (PPP) allows
the derivation of surprisingly simple expressions for coverage probability and

average rate. One interpretation of these results is that adding more BSs or
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tiers does not necessarily change the coverage probability, which indicates that

fears of “interference overload” in HetNets are probably overblown.

Second, a flexible notion of BS load is incorporated by introducing a
new idea of conditionally thinning the interference field. For this generalized
model, the coverage probability is shown to increase when lightly loaded small
cells are added to the existing macrocellular networks. This is due to the fact
that owing to the smaller loads, small cells typically transmit less often than
macrocells, thus contributing less to the interference power. The same idea of
conditional thinning is also shown to be useful in modeling the non-uniform

user distributions, especially when the users lie closer to the BSs.

Third, the baseline model is extended to study multi-antenna Het-
Nets, where BSs across tiers may additionally differ in terms of the number
of transmit antennas, number of users served and the multi-antenna transmis-
sion strategy. Using novel tools from stochastic orders, a tractable framework
is developed to compare the performance of various multi-antenna transmis-
sion strategies for a fairly general spatial model, where the BSs may follow
any general stationary distribution. The analysis shows that for a given total
number of transmit antennas in the network, it is preferable to spread them

across many single-antenna BSs vs. fewer multi-antenna BSs.

Fourth, accounting for the load on the serving BS, downlink rate dis-
tribution is derived for a generalized cell selection model, where shadowing,
following any general distribution, impacts cell selection while fading does not.

This generalizes the baseline model and all its extensions, which either ignore

1X



the impact of channel randomness on cell selection or lumps all the sources of
randomness into a single random variable. As an application of these results,
it is shown that in certain regimes, shadowing naturally balances load across

various tiers and hence reduces the need for artificial cell selection bias.

Fifth and last, a slightly futuristic scenario of self-powered HetNets
is considered, where each BS is powered solely by a self-contained energy
harvesting module that may differ across tiers in terms of the energy harvesting
rate and energy storage capacity. Since a BS may not always have sufficient
energy, it may not always be available to serve users. This leads to a notion
of availability region, which characterizes the fraction of time each type of BS
can be made available under variety of strategies. One interpretation of this
result is that the self-powered BSs do not suffer performance degradation due
to the unreliability associated with energy harvesting if the availability vector

corresponding to the optimal system performance lies in the availability region.
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Chapter 1

Introduction

The mathematical analysis of cellular networks, even in their most
primitive form consisting of a single type of base stations (BSs), is known
to be hard. This prompted the use of highly simplified system models for
analysis and system level simulations for design. To make matters worse, the
complexity of cellular networks is rapidly increasing because of the irregular
deployment of various types of low-power BSs, such as microcells, picocells,
femtocells, and distributed antennas. This not only threatens the conven-
tional cellular models with obsolescence, but also questions the feasibility of
state-of-the-art simulation-based approach for system design. In particular,
the addition of several types of low-power BSs increases the number of simu-
lation scenarios significantly, resulting in a prohibitive complexity of detailed
system level simulations. As a result, the current paradigm shift demands
significant rethinking in the way cellular networks are perceived, modeled and
analyzed. Recognizing this urgent need for better modeling tools, this disserta-
tion develops a fundamentally new analytical approach that not only captures
the current deployment trends accurately, but also facilitates analysis lead-
ing to simple and easy to use expressions for key performance metrics under

sufficiently general settings. The main idea is to use random spatial models,



where the BS locations of each tier are endowed with a probability distribu-
tion instead of being considered fixed as is typically the case in the popular
grid-based models [1-4]. Contrary to the conventional wisdom, the added ran-
domness lends tractability by allowing the use of powerful mathematical tools

from stochastic geometry for performance analysis [1,5].

This introductory chapter is divided into three main parts. The first
part, spanning Sections 1.1-1.2, provides a background on cellular networks
and discusses main challenges involved in the downlink analysis using popular
grid-based models. For the same setup, the proposed idea of modeling the
BS locations with a stochastic process, in particular the Poisson Point Pro-
cess (PPP), is shown to simplify the analysis significantly. The second part,
spanning Sections 1.3-1.4, provides a broad overview of why heterogeneity
in cellular networks is inevitable in order to cope up with the current usage
trends. It then argues why the conventional models are insufficient to study
this new network paradigm. Section 1.5 forms the third part, where the key

contributions of this dissertation are summarized.

1.1 Background

A fundamental property of wireless signals is that they get attenuated
as the separation between the transmitter and receiver is increased [6]. This
attenuation is termed as distance-based path loss. As a result, the strength of
the wireless signal beyond a certain distance from the transmitter is so weak

that it is impossible for the receiver to differentiate it from thermal noise,



Figure 1.1: Hexagonal grid model for BS locations.

i.e., the signal gets buried in noise. Due to this property, two transmitters
sufficiently far apart in space do not pose significant interference to each other
even if they use the same time-frequency resources. This forms the basis
of frequency reuse, which is at the heart of the cellular concept. Frequency
reuse enables the division of space into “cells” each served by one BS, utilizing
time-frequency resources that may be reused by other cells [7]. The resulting

network, termed the cellular network, is the main focus of this dissertation.

An equivalent interpretation of the distance-based path loss is that the
network area that can be served by a BS, often termed the coverage area,
is limited. In the absence of obstructions and interferers, this area can be
modeled as a circular disc centered at the BS. In the presence of interferers,
however, the coverage area depends upon other factors such as the locations of

the interferers, their transmit powers and the propagation environment. The



most popular and widely accepted model for this purpose is the hexagonal grid
model, where the BSs are assumed to be located on a grid, with their coverage
areas modeled as hexagons, as shown in Figure 1.1. Although a simple ab-
straction of reality, this model captures several key aspects of cellular networks
and has been an industry standard since cellular networks were first concep-
tualized [6,7]. However, despite its simplicity, it is surprisingly intractable,
especially for downlink analysis, and is useful mainly for the system level sim-
ulations. The key challenges involved in the analysis are discussed in the next
section in the context of the downlink coverage probability in a conventional
single-tier setup where only single type of BSs, e.g., macrocells, are present.
For the same setup, we show that the proposed model simplifies the analysis

significantly.

1.2 Coverage Probability

A key metric of interest in the downlink of cellular networks is the
probability of coverage, where coverage simply means that the strength of
downlink connection to a randomly chosen user is such that it allows the
user to receive both the control signaling and the actual data at a certain
minimum rate. Mathematically, it can be expressed as the probability of the
downlink signal-to-interference-plus-noise ratio (SINR) for an arbitrary user
being greater than a predefined target 5. In this section, we formulate the
downlink coverage probability problem in a general single-tier setup. It is

then specialized to two cases of interest: i) hexagonal grid model to highlight



the key analytical challenges, and ii) the proposed model to highlight how the
new modeling approach is useful in addressing these challenges. Please note
that the sole purpose of this toy example is to introduce key ideas using the
simplest possible setup. More elaborate scenarios and other key performance

metrics are left for the following chapters.

1.2.1 General Problem Setup

Consider a cellular network with NV, BSs transmitting on the same time-
frequency resources, with the possibility that /V, can be infinite. Further details
about the exact partitioning of time-frequency resources are not required for
this discussion. Let a randomly selected user is served by a BS located at a
distance Ry. Note that the selection of the serving BS is based on a predefined
selection law, e.g., based on the maximum received power. Further details on
cell selection will be provided when required. All the other N, — 1 BSs, except
the serving BS, act as interferers. Denote the distance of the randomly selected
user to these interferers by {R;}, where the subscript 1 < i < N, denotes the
index of the interferer. All the transmitters are assumed to transmit at a
fixed power P. Each wireless link suffers from a distance based path-loss
with exponent o and Rayleigh fading. Therefore, the received power at a

distance r from the transmitter is P, = Phr=©

, where h ~ exp(1) models
Rayleigh fading. For the ease of exposition, the thermal noise is assumed to
be negligible compared to inter-cell interference so that the received SINR can

be approximated by signal-to-interference ratio (SIR). The downlink SIR for



the randomly chosen user in this setup is
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(1.1)

Note that SIR is a random variable due both to the random channel gains
and the random distances to the serving BS and the interferers. The coverage

probability (P.) for this general setup can be derived as follows:
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where (a) follows from hy ~ exp(1), (b) from the fact that the fading gains
across interfering links are independent, and (c) from h; ~ exp(1). For further
simplification, we need the distribution of the distances { R;} of the serving BS
and the interferers to the randomly chosen mobile user. These in turn depend
upon the spatial model of the BS locations and the cell selection rule. We first

specialize the analysis to the hexagonal grid model in the following subsection.



Figure 1.2: Seven-cell hexagonal grid model with BSs denoted by red dots. A
randomly selected user in the center cell is depicted by a square. It lies at a
distance Rj from the center BS and forms angle 6 with the horizontal axis.

1.2.2 Coverage Probability using Hexagonal Grid Model

For simplicity, consider a seven-cell version of the grid model shown in
Figure 1.2, where the interference field is limited to the first ring of interferers.
Note that limiting the interference field to first or at most second ring of
interferers is a common practice in literature [8]. The inter-site distance is
assumed to be D. We assume maximum average power based cell selection,
where each user lying in a particular hexagon is served by the BS lying at the
center of that hexagon. For downlink analysis, a user uniformly distributed in
the center cell is selected, as shown in Figure 1.2. In addition to its distance
to the serving BS, its location is characterized by the angle 6 it makes with

the horizontal axis, with the origin being the BS corresponding to the center



cell. For this setup, the distance of the chosen user to the i** interferer can be

expressed as

R; = \/(Dcos; — Rycos0)? + (Dsinf; — Rysin )2, (1.8)

with 6; being the angle formed by the location of the i*" interferer with
horizontal axis. The values of 0; for all the six interferers are as follows:
by = 5,00 = 5,03 = ‘%,94 = %”,95 = 37” and 0 = HT”. Clearly R; is ran-

dom because of its dependence on Ry and 6. The general coverage probability

expression given by (1.7) can be specialized for this case to

6
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where the expectation is with respect to the joint distribution of Ry and 6.
Due to the complexity of this expression, it is not possible to reduce it any
further, even under further simplifications, e.g., approximating the hexagonal
cell as a circle [9]. The only way forward is to numerically solve this expres-
sion, which in this case is the same as simulating the network deployment.
This is primarily the reason why the hexagonal grid model is typical termed
intractable for downlink analysis [1]. Also note that, with the increasing com-
plexity of cellular networks due to the addition of several types of low-power
BSs, the number of simulation scenarios and hence the complexity of system
level simulations is also becoming increasingly prohibitive, thereby motivating
the need for tractable models, which is the main focus of this dissertation. A

preview of the new approach is provided in the next subsection.



1.2.3 Coverage Probability using Random Spatial Model

We now discuss a relatively less accepted approach of modeling BS
locations, where instead of putting a rigid stricture as in the hexagonal grid
model, the BS locations are endowed with a probability distribution [1-4]. In
particular, the BS locations are sampled from a PPP. This enables the use of
powerful tools from stochastic geometry to derive simple expressions for key
performance metrics such as coverage probability. Although this idea will be
applied to much general setups in the following chapters, in this section we
continue with the same simple setup as above. The goal is to specialize (1.7)
for this new modeling approach. Please refer to [1] for a detailed exposition of

coverage probability for this single-tier setup.

Assume that the BS locations are modeled by a homogeneous PPP &
with density A, as shown in Figure 1.3. The users are also modeled by an
independent PPP. Without loss of generality, the downlink analysis is con-
ducted at the typical mobile user located at the origin. To be consistent with
the assumptions made for the hexagonal case above, assume that the typical
user connects to the BS that provides the maximum average received power,
i.e., the one that is closest to the origin. Using null probability of a PPP, the

distribution of the distance of the typical user to the serving BS is

fry(ro) = 2mArg exp(—Anrd). (1.10)

Using the same approach as [1], the coverage probability expression



Figure 1.3: The red dots represent BS locations sampled from a PPP. The
typical user is represented by a square.

(1.7) can be simplified using simple tools from stochastic geometry as follows:
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where (a) follows from the probability generating functional (PGFL) of a PPP,
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(b) follows by the substitution S~ar2u® — v, (c) by defining a constant

pla, B) = Ba [z T ——=dv, and (d) follows by substituting the distribution
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of Ry. Interestingly, the coverage probability in this case reduces to a closed
form expression, hence circumventing the need for simulation. Such simple
expressions are useful to gain key system design insights. For instance, the
above expression clearly shows that the coverage probability is independent of
the density of the BSs when the cellular network is interference limited. We
leave more such insights, in significantly more general setups, for the following

chapters.

From the above discussion, it is evident that the new approach is sig-
nificantly more tractable than the state-of-the-art deterministic grid model.
However, the idea of modeling the BS locations with a stochastic process may
seem questionable to certain readers, especially because the grid-based mod-
els have been deeply ingrained in the cellular industry for over three decades.
In the following sections, we address these doubts by explaining why hetero-
geneity and uncertainty in cellular networks is inevitable while handling the
changing usage trends, especially the rising mobile data traffic, and why ran-
dom spatial models are especially attractive to study these new and more

complex cellular networks.

1.3 Changing Usage Trends and 1000x Capacity Goal

Although cellular networks have been designed and optimized primar-
ily for voice-centric applications over the past three decades, the popularity
of advanced communication devices, such as smartphones, laptops and most

recently tablets, has shifted the focus rather quickly towards data-hungry ap-
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plications, such as, live streaming of high definition videos, mobile television,
and symmetric video calls [10]. A direct implication of this social change is
a much sharper increase in mobile data traffic compared to the past. For in-
stance, the global mobile data traffic has more than doubled in 2012 for the
fifth consecutive year, and this trend is expected to continue for at least a few
years more [10]. A straightforward calculation reveals around 1000x increase
in capacity of cellular networks required over a decade. This has in fact been
acknowledged as the main goal by the cellular industry, e.g., by 3GPP [11],
and Qualcomm’s “1000x data challenge”. However, increasing the capacity at
such a rapid rate is challenging and requires a fundamental change in the way
cellular networks are designed and deployed. Several possible approaches to

cope up with this data deluge are discussed below.

Improving spectral efficiency. First and somewhat obvious direc-
tion towards improving the capacity of cellular networks is by increasing the
spectral efficiency (bps/Hz) of the wireless links by using advanced physical
layer techniques, such as multiple input multiple output (MIMO), or by using
smart scheduling. However, these techniques are already relatively mature,
being part of multiple wireless standards such as IEEE 802.11e WiMAX and
3GPP LTE-A [12], apart from plethora of theoretical research activities in
academia [13]. For instance, in case of MIMO, current LTE-A standard al-
ready supports as much as 8 antennas in the downlink and 4 in the uplink [14],
leaving a little room for improvement at the current transmission frequencies,

especially since the goal is a whopping 1000x gain. Furthermore, due to adap-
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tive modulation and coding, the wireless links are already operating close to

their theoretical limits, which further limits the gains [15].

A promising exception is that of massive MIMO, where the idea is to
have hundreds or even thousands of antennas to serve tens of users simulta-
neously in each resource block [16,17]. With the possibility of using the extra
degrees of freedom to form very narrow beams, the theoretical gains in the
throughput are undoubtedly large. Since the antenna size decreases with the
increase in transmission frequency, massive MIMO systems are more meaning-
ful at higher transmission frequencies because otherwise the size of antennas
makes it impossible to pack a massive number of antennas on a reasonably
sized base station (BS). This has led to an increasing interest in “millimeter-
wave massive MIMO” systems with transmission frequencies proposed to be

in 3-300GHz range, which are currently under active research [18,19].

Adding more spectrum. The second main direction is to provide
more spectrum to cellular systems, which relies on the fact that the capacity
of a wireless link scales linearly with the signal bandwidth. As of 2013, the
cellular system has around 600 MHz of licensed spectrum in the US [20], which
along with 440 MHz of usable WiFi spectrum [21], makes a total spectrum of
over 1 GHz. Therefore, for any meaningful capacity gains, the additional spec-
trum needs to be significantly higher than 1 GHz. Since the current cellular
spectrum is mostly in the sub-3 GHz range, with the exception of the new
WiFi spectrum added in the 5 GHz range, to avoid significant changes in the

system design or hardware it is preferable that the new spectrum added to
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the system is also in this range. However, additional spectrum in this range
is scarce and expensive, and is hence not an attractive and cost-effective op-
tion for the service providers. If the recent auctions of 700 MHz band are
any indication, service providers may have to pay around $2 per user for each
additional MHz of bandwidth [22]. Although, Federal Communications Com-
mission (FCC) is considering releasing additional 500 MHz of spectrum in this
range by 2020 [23,24], it will perhaps come at an already prohibitive cost of

$1000 per subscriber, and is not even enough to provide a 2x gain in capacity.

Another possible option is to utilize the abundant non-congested spec-
trum in 3-300 GHz range, as discussed above for millimeter-wave massive
MIMO systems. While the spectrum is inexpensive in this range, these higher
transmission frequencies exhibit very different propagation characteristics, such
as signal attenuation, multipath and reflection, compared to the current cellu-
lar frequencies, which necessitates fundamental changes in the system design,
e.g., in the air interface [18,25]. Additionally, these higher transmission fre-
quencies require significant changes in the hardware, including amplifiers and
transceiver architectures [25-27]. Despite these challenges, there have been
some early indications of the promising future of this technology [28]. How-
ever, as is the case with any new technology, it requires time to mature and is

not expected to make it to the cellular systems anytime soon.

Network densification. Third and perhaps the most realistic ap-
proach is to harness the cell splitting gain by densifying the network, i.e., re-

duce the frequency reuse distance by adding more infrastructure. Historically,
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most of the capacity gains in cellular networks are in fact driven by shrinking
cell sizes. For instance, out of the million-fold capacity increase over the past
45 years, only about 25x is attributed to more spectrum, 5x to the division
of spectrum into narrower slices, further 5x to better modulation schemes,
and the remaining 1600x to the smaller cell sizes [29]. However, to cope up
with the current capacity demand, we need a much more aggressive spectrum
reuse than the pre-smartphone era. This is not possible exclusively with the
macrocells, due to their prohibitive capital expenditure (CapEx) and high op-
erational expenditure (OpEx). Other restrictions such as cell site availability
and need for fast dedicated backhaul further limit their deployment especially

in the dense urban markets where most of the data demand originates.

The inability of macrocellular networks to keep up with the rising data
demands has led to the popularity of low-power BSs, collectively termed as
small cells [30]. The small cells typically have orders of magnitude lower
deployment costs, smaller transmit power and hence lower energy costs, and
can be deployed organically based on the capacity demand with comparatively
less cell site restrictions. With high speed wireless backhaul rapidly becoming
a reality [31], there is no apparent limitation on the number of small cells that
can be deployed in a given area. This means that there is no restriction on
the rate at which the area spectral efficiency (bps/Hz/Km?) can be increased,

thus presenting a feasible solution to handle the current data deluge.

A cellular network consisting of different classes of BSs, such as macro-

cells and various types of small cells, is termed as a heterogeneous cellular
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Macro

Figure 1.4: Illustration of a three-tier heterogenous network utilizing a mix of
macro, pico and femtocell BSs. Only a single macro-cell is shown for the sake
of simplicity.

network, or in short a HetNet. Due to the above mentioned advantages, Het-
Nets have been embraced enthusiastically by the cellular industry, with their
standardization activities already started in 3GPP release 10 [14]. The network
operators have also started deploying small cells at “hot-spots”, i.e., places of
high user density, such as airports, to augment the capacity of macrocellular
networks, and at “not-spots” to fill the coverage holes. Various features of Het-
Nets are under active investigation in both academia and industry, with early
deployments and industry predictions indicating fairly promising gains [32-34].
In the next section, we take a closer look at this new network paradigm and
motivate the need for rethinking the way cellular networks are perceived and
modeled. The focus will be on highlighting the increasing relevance of random

spatial models, especially to capture the irregular deployments of small cells.
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1.4 Increasing Relevance of Random Spatial Models

Cellular networks are becoming increasingly complex due to the deploy-
ment of multiple classes of BSs that have distinctly different traits [35,36]. For
example, a typical 3G or 4G cellular network already has traditional macrocel-
lular BSs that are long-range and guarantee near-universal coverage; operator-
managed picocells [37,38] and distributed antennas [39-42] that have a more
compact form factor, a smaller coverage area, and are used to increase capac-
ity while eliminating coverage deadzones; and femtocells, which have emerged
more recently and are distinguished by their end-user installation in arbitrary
locations, very short range, and possibility of having a closed-subscriber group
[29,43,44]. A typical HetNet utilizing a mix of macro, pico and femtocells
is illustrated in Figure 1.4. This evolution toward heterogeneity will continue
to accelerate due to crushing demands for mobile data traffic caused by the

proliferation of data-hungry devices and applications.

An immediate effect of the increasing heterogeneity and uncertainty of
current deployments on the study of cellular networks is that it has limited
the applicability of classical cellular models based mainly on the regularity
assumption of BS locations, such as deterministic grid-based models [7] and
Wyner model [45], to HetNets. For instance, consider Figure 1.5, where we
compare the hexagonal grid model with the actual 4G deployment in a sprawl-
ing land-locked city, and a typical 2-tier deployment. While the actual sin-
gle tier deployment already deviates significantly from the deterministic grid

model, the addition of small cells changes the coverage footprints dramatically.
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(c) Two tier HetNet.

Figure 1.5: (a) Hexagonal grid model with the locations of macrocells indicated
by red circles. (b) Coverage regions with macrocell locations drawn from an
actual 4G deployment [1]. (c) Coverage regions in a two tier HetNet with
macrocell following the same locations as in (b), and small cells (denoted by
smaller circles) overlaid randomly.
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Figure 1.6: Illustration of Wyner model, where the channel gain from the
desired BS is normalized to one, and channel gain from each interfering BS is
modeled as a constant a < 1.

Mathematically, as discussed in detail in Chapter 2, the coverage plots in case
of HetNets can no longer be characterized by a standard Voronoi tessellation
due to the differences in the transmit powers across different classes of BSs [5].
Instead, they closely resemble a circular Dirichlet tessellation, also called a
multiplicatively weighted Voronoi diagram [46]. Comparing Figures 1.5a and
1.6, we note that the Wyner model is even more simplistic. We will revisit

this comparison in Chapter 2.

As evident from Figure 1.5, the experience of mobile users in terms of
coverage, rate, and reliability would be quite different in the HetNets as com-
pared to the familiar macrocellular networks. To capture key characteristics
of HetNets and facilitate a realistic performance evaluation, we propose a new
and more appealing way of modeling HetNets by using random spatial models,
where the locations of the BSs are assumed to form a realization of a spatial
point process [1-4,47]. In comparison to the conventional models, these are
especially attractive in the context of HetNets due to their: (i) realism: to cap-

ture the inherent uncertainty in deployments involving both operator and user
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deployed BSs, (ii) scalability: to model ever-increasing heterogeneity in the
infrastructure elements and, (iii) tractability: to gain system design insights
using tools from stochastic geometry, as demonstrated for a simple single-tier

setup earlier in this chapter in Section 1.2.

1.5 Contributions

There are two main challenges in understanding HetNets: (i) to develop
system models that capture the heterogeneity in infrastructure, irregularity in
the BS locations, and other key characteristics of these networks with enough
accuracy to be realistic but enough simplicity to be useful, and (ii) to develop
corresponding analytical frameworks to study metrics like outage probability
as a function of an arbitrary SINR, loading across different tiers, and average
rate, with the end goal of better understanding the fundamental system design
principles for HetNets. This dissertation develops a comprehensive framework

to tackle these challenges. The main contributions are summarized below.

New tractable model for K-tier HetNets. In Chapter 2, we de-
velop a tractable, flexible, and accurate model for a downlink HetNet consist-
ing of K tiers of randomly located BSs, where each tier may differ in terms
of average transmit power, supported data rate and BS density. Assuming a
mobile user connects to the strongest candidate BS in terms of received power
and a fairly general channel model, we derive an expression for the probability
of coverage (equivalently outage) over the entire network under both open and

closed access. It assumes a strikingly simple closed-form when the resulting
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SINR is greater than 1 and the background noise is neglected. For external val-
idation, we compare against an actual LTE network (for tier 1) with the other
K —1 tiers being modeled as independent PPPs and show that the closed form
expression is accurate down to about —4 dB. We further derive the average
rate achieved by a typical mobile and the average load on each tier of BSs. One
interesting observation for interference-limited open access networks is that at
a given SINR, adding more tiers and/or BSs neither increases nor decreases

the coverage probability when all the tiers have the same target-SINR.

Incorporating load in random spatial models for HetNets. A
major limitation of the K-tier model proposed in Chapter 2 and all its ex-
tensions [48-56] so far is the neglect of network traffic and load: all BSs are
assumed to always be transmitting. Small cells in particular will have a lighter
load than macrocells, and so their contribution to the network interference is
probably significantly overstated in a fully loaded model. Chapter 3 incorpo-
rates a flexible notion of BS load by introducing a new idea of conditionally
thinning the interference field. For a K-tier HetNet model developed in Chap-
ter 2 where BSs across tiers differ in terms of transmit power, supported data
rate, deployment density, and now load, we derive the coverage probability
for a typical mobile, which connects to the strongest BS signal. Conditioned
on this connection, the interfering BSs of the ¥ tier are assumed to trans-
mit independently with probability p;, which models the load. Our analysis
concretely demonstrates that the coverage probability always increases when

lightly loaded small cells are added to the existing macrocellular networks.
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This is a useful rebuttal to the viewpoint that unplanned infrastructure might

bring down a cellular network due to increased interference.

Modeling non-uniform user distributions. In Chapters 2 and 3,
the analysis is performed at a typical user located at the origin assuming user
distribution to be uniform. At least one shortcoming of this approach is its
inability to model non-uniform user distributions, especially when there is de-
pendence in the user and the BS locations. To facilitate analysis in such cases,
we develop a new method of sampling users by using the same idea of con-
ditionally thinning the BS point process as in Chapter 3 and show that the
resulting framework can be used as a tractable generative model to study cur-
rent capacity-centric deployments, where the users are more likely to lie closer
to the BSs. Since this analysis is a direct application of the ideas developed

in Chapter 3, we present it in Appendix B.

Modeling and performance analysis of MIMO HetNets. Due
to the relative maturity of both multiple antenna technique and HetNets, both
in academic research and cellular standards, it is clear that the two will co-
exist and complement each other in the future wireless standard. Therefore,
we extend the baseline model developed in Chapter 2 to study multi-antenna
HetNets in Chapter 4. In addition to the transmit power, target SIR and de-
ployment density, the BSs across tiers may differ in terms of the number of
transmit antennas and the type of multi-antenna transmission. In particular,
we consider and compare space division multiple access (SDMA), single user

beamforming (SU-BF), and baseline single-input single-output (SISO) trans-
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mission. For this general model, the main contributions are (i) ordering results
for both coverage probability and per user rate in closed form for any BS dis-
tribution for the three considered techniques, using novel tools from stochastic
orders, (ii) upper bounds on the coverage probability assuming a Poisson BS
distribution, and (iii) a comparison of the area spectral efficiency (ASE). The
analysis concretely demonstrates, for example, that for a given total number
of transmit antennas in the network, it is preferable to spread them across
many single-antenna BSs vs. fewer multi-antenna BSs. Another observation
is that SU-BF provides higher coverage and per user data rate than SDMA,

but SDMA is in some cases better in terms of ASE.

Generalized cell selection model and effect of shadowing on
downlink SIR and rate distributions. All the prior work on random spa-
tial models for HetNets, including Chapters 2 and 3, either ignores the impact
of channel randomness on cell selection or lumps all the sources of randomness
into a single variable, with cell selection based on the instantaneous signal
strength, which is unrealistic. In Chapter 5, we consider both small-scale
fading and long-term shadowing, and characterize the downlink SIR and rate
distributions at a typical user, where shadowing, following any general distri-
bution, impacts cell selection while fading does not. As an application of the
results, we study the impact of shadowing on load balancing in terms of the
optimal per-tier selection bias needed for rate maximization. We show that
in certain regimes shadowing naturally balances load across various tiers and

hence reduces the need for artificial cell selection bias.
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Fundamentals of HetNets with energy harvesting. The possi-
bility of having a self-powered BS is becoming realistic due to several parallel
trends, such as the increasing relevance of low-power BSs, and the cost ef-
fectiveness of energy harvesting techniques, such as solar power, due both to
technological improvements as well as market forces, e.g., increasing costs and
taxes on conventional power sources, and subsidies and regulatory pressure for
greener techniques. In Chapter 6, we develop a new tractable model for K-tier
HetNets, where each BS is powered solely by a self-contained energy harvest-
ing module. The BSs across tiers differ in terms of the energy harvesting rate,
energy storage capacity, transmit power and deployment density. Since a BS
may not always have enough energy, it may need to be kept OFF and allowed
to recharge while nearby users are served by neighboring BSs that are ON. We
show that the fraction of time a k" tier BS can be kept ON, termed avail-
ability px, is a fundamental metric of interest. Using tools from random walk
theory, fixed point analysis and stochastic geometry, we characterize the set of
K-tuples (p1, pa, - .. pr), termed the availability region, that is achievable by
general uncoordinated operational strategies, where the decision to toggle the
current ON/OFF state of a BS is taken independently of the other BSs. If the
availability vector corresponding to the optimal system performance, e.g., in
terms of rate, lies in this availability region, there is no performance loss due to
the presence of unreliable energy sources. As a part of our analysis, we model
the temporal dynamics of the energy level at each BS as a birth-death process,

derive the energy utilization rate, and use hitting/stopping time analysis to
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prove that there exists a fundamental limit on p; that cannot be surpassed by

any uncoordinated strategy.

1.6 Organization

The technical contributions of this dissertation are covered in Chap-
ters 2 through 6. Chapter 2 describes a novel baseline downlink model for
the analysis of K-tier HetNets. Simple expressions for the downlink coverage
and rate experienced by a typical user are derived using tools from stochastic
geometry. Chapter 3 extends the baseline model and proposes a flexible load
model for HetNets by introducing a new idea of conditional thinning. In Ap-
pendix B, the same idea of conditional thinning is used to develop a tractable
generative model for current capacity-centric deployments, where the users
are more likely to lie closer to the BSs. Chapter 4 studies multi-antenna Het-
Nets, where the number of transmit antennas and the transmission strategy
may differ across tiers. New tools with foundations in stochastic orders are
developed to compare the performance of various multi antenna transmission
strategies. Chapter 5 presents a generalized cell selection model that differ-
entiates between small-scale fading and long-term shadowing. Downlink rate
distribution at a typical user is characterized assuming shadowing, following
any general distribution, impacts cell selection while fading does not. The fi-
nal contribution of this dissertation is presented in Chapter 6, where we study
HetNets with self-power BSs that may additionally differ across tiers in terms

of energy harvesting rate and energy storage capacity. A new notion of avail-
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ability region is introduced to study the “optimality” of such networks. The
dissertation concludes with Chapter 7, which summarizes the key contributions

and discusses promising future directions of research in HetNets.
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Chapter 2

Modeling and Analysis of K-Tier Downlink
HetNets

A straightforward unifying model for HetNets would consist of K spa-
tially and spectrally coexisting tiers, where each tier is distinguished by its
transmit power, base station (BS) density, and data rate. For example, tra-
ditional BSs (first tier) would typically have a much higher transmit power
and lower density and offered rate than the lower tiers (e.g. pico and fem-
tocells). To visualize what the coverage areas in such a network might look
like, consider Figures 2.1-2.4, which show average power-based (equivalently
average SINR-based) coverage regions for some plausible two and three tier
networks. Clearly, the coverage, rate, and reliability that mobile users experi-
ence in such networks can be expected to be quite different than in traditional

cellular networks that use familiar models like the hexagonal grid.

The objective of this chapter is to provide a flexible baseline model for
HetNets, and to show how it can be used to provide tractable and reasonably
accurate analysis of important metrics like the SINR statistics, outage prob-
ability and average rate. Those familiar with cellular network analysis will

recognize that this goal is fairly ambitious since such results have been hard
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to come by even for traditional single tier cellular networks.

2.1 Related Work and Motivation

The study and design of conventional one-tier cellular networks has of-
ten tended towards two extremes. For analysis and academic research, very
simplistic models are typically employed in order to maintain tractability, while
for design and development (e.g. in industry) complex system-level simula-
tions with a very large number of parameters are generally used. This has
made it difficult to estimate the actual gain that new techniques developed
by researchers might provide in real systems. Well-known examples include
multiuser detection [57], multiuser MIMO [58], and BS cooperation [59,60]; all
of which promised much larger gains in theory than have been achieved thus

far in practice [61,62].

A popular analytical model for multicell systems is the Wyner model
[45], which assumes channel gains from all (usually only 1 or 2) interfering
BSs are equal and thus constant over the entire cell. Such a model does not
distinguish between cell edge and interior users and in most cases does not
even have a notion of outage since SINR is fixed and deterministic. It can be
tuned to reasonably model average metrics in a system with lots of averaging,
such as the CDMA uplink, but is not accurate in general and particularly
for systems with 1 or 2 strong interferers, like a typical OFDMA-based 4G
network [63]. Another common approach is to consider only a small number

of interfering cells (as few as one) and abstract the desired and interfering
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BSs to an interference channel [64,65]. Finally, perhaps the most popular and
accepted model is the two-dimensional hexagonal grid model. The grid model
is frequently used as the basis of system-level simulations but analysis is not
generally possible [66-68]. This was also demonstrated in Chapter 1. Addi-
tionally, both the scalability and the accuracy of grid model are questionable

in the context of network heterogeneity (see Figures 2.1-2.4).

A less accepted model is to allow the locations of the BSs to be drawn
from a stochastic point process [2-4]. Such a model seems sensible for fem-
tocells — which will take up unknown and unplanned positions — but perhaps
dubious for the higher tiers which are centrally planned. Nevertheless, as Fig-
ures 2.1-2.4 show, the difference between randomly placed and actual planned
locations may not be as large as expected, even for tier 1 macro BSs. Indeed,
the recent work [1] showed that for a one-tier network, even with the BS loca-
tions drawn from a Poisson Point Process (PPP), the resulting network model
is about as accurate as the standard grid model, when compared to an actual
4G network. Importantly, such a model allows useful mathematical tools from
stochastic geometry to be brought to bear on the problem [69-72], allowing a

tractable analytical model that is also accurate.

2.2 Contributions and Outcomes

General K-tier downlink model. In Section 2.3, we define a tractable
model for downlink multi-tier networks that captures many (but not all) of

the most important network parameters. The model consists of K indepen-
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dent tiers of PPP distributed BSs, where each tier may differ in terms of the
average transmit power, the supported data rate, and the BS density (the
average number of BSs per unit area). The plausibility of the model versus
planned tiers is verified through comparisons in Section 2.6 with an actual 4G

macro-cell (1 tier) network with randomly placed lower tiers.

SINR distribution, coverage probability (P.), outage probability
(1 —P.). Assuming (i) a mobile user connects to the strongest candidate BS,
(ii) that the resulting Signal-to-Interference-plus-Noise-Ratio (SINR) is greater
than 1 when in coverage, and (iii) Rayleigh fading, we derive an expression for
the probability of coverage (equivalently outage) over the entire network under
both open and closed access, which allows a remarkably simple closed-form in
the high SINR regime (where interference power dominates noise power) and
is shown to be accurate down to -4dB even under weaker assumptions. When
all tiers have the same target SINR threshold, the coverage probability is the
complementary cumulative distribution function (CCDF) of effective received
SINR for an arbitrary randomly located mobile user. For completeness, in
Appendix A we derive general expression for the probability of coverage that
is applicable to any given target SINR, i.e., the assumption SINR > 1 is relaxed.

This generalization, however, comes at a significant loss of tractability.

Average data rate in coverage, ergodic rate and load per tier.
We derive the average data rate experienced by a randomly chosen mobile when
it is in coverage, assuming interference is treated as noise but otherwise that

the Shannon bound is achieved, i.e. the average rate in coverage is E[log(1 +
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SINR)|coverage|. This expression is readily computable but involves an integral
so is not closed-form. Using the general coverage probability result derived in
Appendix A, an exact expression for ergodic rate, i.e., E[log(1+ SINR)], is also

derived.

We also provide the average load per tier, which is the average fraction
of users served by the BSs belonging to a particular tier or equivalently the
probability that a mobile user is served by that tier. In line with intuition,
the per-tier load is directly proportional to the density of its BSs and their

average transmit power, and inversely proportional to its SINR target.

Key design insights. Some interesting observations can be made
from these results. For example, we show that when the SINR targets are the
same for all tiers in a dense network (thermal noise power negligible compared
to interference power), the coverage (and hence outage) probability does not
depend upon the number of tiers or the density of BSs in open access, but
that P. generally decreases with both in closed-access. This means that the
trend towards increased density and heterogeneity and the resulting increase in
interference need not reduce the typical SINR, as is commonly feared. On the
contrary, aggregate network throughput will increase linearly with the number

of BSs since the SINR statistics will stay the same per cell.

2.3 System Model

We model a HetNet as a K-tier cellular network where each tier models

the BSs of a particular class, such as those of femtocells or pico-cells. The BSs
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across tiers may differ in terms of the transmit power, the supported data
rate and their spatial density. We assume that the BSs in the i-th tier are
spatially distributed as a PPP ®; of density \;, transmit at power P;, and
have a SINR target of 3;. More precisely a mobile can reliably communicate
with an " tier BS located at z; € ®; only if its downlink SINR with respect
to that BS is greater than ;. Thus, each tier can be uniquely defined by the
tuple {F;, B, A}
The mobiles are also modeled by an independent PPP ®,,, of density
Am- Without loss of generality, we conduct analysis on a typical mobile user
located at the origin. The fading (power) between a BS located at point x
and the typical mobile is denoted by h, and is assumed to be i.i.d exponential
(Rayleigh fading). More complex channel distributions can be considered in
this framework, e.g. in [1] a general interference fading model capable of
handling any statistical distribution was used, and using the Fourier integral
techniques in [73] general fading to the selected BS can also considered. The
standard path loss function is given by I(z) = ||z||~®, where o > 2 is the path
loss exponent. Hence, the received power at a typical mobile user from a BS
located at point x; € ®; is Ph,,| z;||~, where h,, ~ exp(l). The resulting
SINR expression assuming the user connects to this BS is
P,
>t Yaenya; Dihallzl—e + 02

x| 7

SINR(z;) = (2.1)

2

where o is the constant additive noise power. One of the ways to set the

value of 02 is according to the desired received SNR at the cell-edge. We will
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comment more on this in Section 2.6, where we show that self-interference
dominates noise in the typical HetNets. We assume each mobile user connects
to its strongest BS instantaneously, i.e., the BS that offers the highest received

SINR. Mathematically the typical node at the origin is in coverage if

SINR :
max (x) > B,

for some 1 < ¢ < K. An assumption that greatly simplifies the analysis is that
B; > 1 (0 dB). Lemma 1 shows that under this assumption, at most one BS
in the entire network can provide SINR greater than the required threshold.
Although some users in commercial cellular networks indeed have operating
SINR below 0 dB, they are in a distinct minority (cell edge users) and in Sec-
tion 2.6 we show numerically that this model holds very accurately at least to
—4 dB, which covers cell edge users as well. As demonstrated in Appendix A,
the relaxation of this assumption entails significant loss in tractability. There-
fore, for the simplicity of exposition, we will assume §; > 0 dB for all the
tiers in the rest of the chapter, with the corresponding general results given
in Appendix A. The following Lemma characterizes the number of potential

BSs that a mobile can connect to and will be used in the later sections.

Lemma 1. Given positive real numbers {ay,as...a,}, which correspond to

the receiwed power from each BS at the typical mobile user and defining ¢; =

a;

STt which corresponds to the SINR of the i*" BS, at most m ¢;’s can be
j#i Qg

greater than 1/m for any positive integer m.
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Proof. Since SINR < SIR for all the BSs, defining b; = ija' as the SIR
g1 %

corresponding to the " BS, it suffices to show that at most m b;’s can be

greater than 1/m for any positive integer m. This is shown below.

b, — a; . a;
LY 20— a
N b; G
14 bz N Zj Q;
- 1
> i 22

We first prove the result for m = 1 (by contradiction) and then show that it
can be trivially extended to the case of general m. We first observe that (2.2)
is satisfied if only one of the b;’s is greater than 1. Now assume that two b;’s are

greater than one and without loss of generality, assume that they are b; and

be. This implies 1/b; and 1/by € (0, 1). Therefore, 1/b1,+1 and 1/b1_+1 € (1/2,1).

Thus,
SRR B S Dot
—~1/bi+1 = 1/bi+1 = 1/bj+1
& 1
> 1 —_— 2.3
+;1/bi+1’ (2:3)

which is in contradiction with (2.2). Since (2.2) does not even hold for two
b;’s greater than one, it proves that the only one of the b;’s can be greater
than one. Similarly for the case of general m, it is easy to observe that (2.2)
is trivially satisfied if at most m of the b;’s are greater than 1/m. Now assume

that m + 1 b;’s are greater than 1/m and without loss of generality, assume
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that they are by, bo, ..., byi1. Proceeding as in (2.3),

n n

1 1
1 . 1 2.4
Z1/bi+1> J;; b1 (24)

i=1 +2
which is in contradiction to (2.2). Therefore, at most m b;’s can be greater

than 1/m. O

2.3.1 Coverage Regions

Before going into the analysis and main results, it may be helpful to
first build some intuition about the proposed model, and its resulting coverage
regions. The illustrative HetNet coverage regions can be visually plotted in two
steps, resulting in Figures 2.1-2.4. First, we randomly place K different types
of BSs on a 2-D plane according to the aforementioned independent PPPs.
Ignoring fading, the space is then fully tessellated following the maximum
SINR connectivity model, which is equivalent to maximum SIR and maximum
power connectivity models in the absence of fading. Please note that in reality
the cell boundaries are not as well defined as shown in these coverage regions
due to fading. Therefore, these plots can be perceived as the average coverage
footprints over a period of time so that the effect of fading is averaged out.
Due to the differences in the transmit powers over the tiers, these average
coverage plots do not correspond to a standard Voronoi tessellation (also called
a Dirichlet tessellation) [74]. Instead, they closely resemble a circular Dirichlet
tessellation, also called a multiplicatively weighted Voronoi diagram [46]. The

coverage regions for a two-tier network — for example comprising macro and

35



femtocells — are depicted in Figures 2.1 and 2.2 for two cases: 1) the macro-
cell BSs are distributed according to PPP (our model), and 2) the macro-cell
BSs correspond to an actual 4G deployment over a relatively flat urban region.
The femtocells are distributed according to an independent PPP in both cases.

Qualitatively, the coverage regions are quite similar in the two cases.

In Figures 2.3 and 2.4, the coverage regions are now shown with an
additional pico-cell tier. As is the case in the actual networks, we assume that
the macro-cells have the highest and the femtocells have the lowest transmit
power, with pico-cells somewhere in between. For example, in LTE [75], typ-
ical values are on the order of 50W, .2W, and 2W, respectively. Therefore,
femtocell coverage regions are usually much smaller than the other two tiers,
particularly when they are nearby a higher power BS. Similarly, we observe
that the coverage footprint of pico-cells increases when they are farther from
the macro BSs. These observations highlight the particularly important role

of smaller cells where macrocell coverage is poor.

2.3.2 Applicability of the Model

The model is applicable both to non-orthogonal (CDMA) and orthogo-
nal (TDMA, OFDMA) cellular networks. For CDMA networks, although the
recetved SINR is generally much smaller than 1, the post-despreading SINR,
which is what determines coverage/outage, is often greater than or at least
close to 1, so the assumption ; > 1 and Lemma 1 are still reasonable if

the interference term is divided by the spreading factor. The analysis is for
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Figure 2.1: Coverage regions in a two-tier network as per the model used in
this chapter. Both macro (large circles) and femto (small dark squares) BSs
are distributed as independent PPPs with P, = 1000, and Ay = 5.
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Figure 2.2: Coverage regions in a two-tier network where Macro (tier-1) BS
locations (large circles) correspond to actual 4G deployment. Femto BSs (small
dark squares) are distributed as a PPP (P, = 1000P, and Ay = 5)\).
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Figure 2.3: Close-up view of coverage regions in a three-tier network. All the
tiers, i.e., tier-1 macro (large circles), tier-2 pico (light triangles) and tier-3
femto (small dark squares), are modeled as independent PPPs. P, = 1007, =
1000P;, A3 = 4)Xo = 8.

Figure 2.4: Coverage regions in a three-tier network where macro BS locations
(large circles) now correspond to actual 4G deployment. Other parameters are
same as Figure 2.3.

38



a single frequency band and assumes that all BSs are transmitting continu-
ously in all time slots at constant power, although if some fraction f of time
slots were not used (at random), then the resulting density of interfering BSs
would simply be (1 — f)\ and the analysis could be extended. In OFDMA-
based networks, it is desirable to move strongly interfering neighbors or tiers
to orthogonal resources in time and/or frequency and so the coverage can be
improved. Similarly, additional enhancements like opportunistic scheduling
or multiple antenna communication should increase coverage and/or rate and
this framework could be extended to indicate the gains of different approaches.
Although we do not explicitly consider antenna sectoring, it can be easily in-
corporated in the current model if sectoring is done randomly. If the beam
is partitioned into n equal sectors, the density of interfering BSs reduces by
a factor of n because the probability that the beam of any BS would point
towards a randomly chosen BS is 1/n. Cellular engineers will note that fur-
ther details are missing from this model. In addition to shadowing, we do
not consider frequency reuse, power control, or any other form of interference
management, leaving these to future extensions. In short, this is a baseline

tractable model for HetNets.

2.4 Coverage Probability and Average Load per Tier

A typical mobile user is said to be in coverage if it is able to connect to at
least one BS with SINR above its threshold. In the case when all the tiers have

same SINR threshold [, coverage probability is precisely the complementary
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cumulative distribution function (CCDF) of the effective received SINR, outage
being the CDF, i.e.; 1 — CCDF. With this understanding, we now derive the
probability of coverage for a randomly located mobile user both for open and
closed access networks (defined below). Using these results, we also derive a
measure of average load per tier in terms of the fraction of users served by

each tier.

2.4.1 Open Access

We first assume the open access strategy where a typical mobile user
is allowed to connect to any tier without any restriction. Under the current
system model, this strategy reduces to choosing the strongest BS, i.e., the one

that delivers the maximum received SINR.

2.4.1.1 Coverage Probability

The main result for the probability of coverage in open access networks

is given by Theorem 1.

Theorem 1 (General case). When 3; > 1, the coverage probability for a typical

randomly located mobile user in open access is Pc({\:}, {Bi}, {F;}) =

K B\ K Bio?
S (-t (2) b Sz o - i
i=1 ' m=1 l

(2.5)

where C(a) = 272 ese(Z)a~ L.

Proof. For notational simplicity, denote the set {1,2,... K} by K. The cover-
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age probability in a K-tier network under mazimum SINR connectivity model

can be derived as follows:

P({Ni}, {B:},{F})
—P ( U SINR(z;) > 62»)

€K,z €P;
—E |1 ( ) smR() > 61>]
1€X,z,€P;
K
@ D> E Y [1(SINR(z;) > B)]
i=1  x,€P;
®) K Pihg,l(x;)x;)
= M | A Sl N dax,
; Z/RQ ( Ixi—{—o‘z >62) Z;
K 2
(C) BZ _—Bio”
= )\z L _ Pil(zy)z;) d i 2.6
2 / (Pil(wi)) ’ § 20

where (a) follows from Lemma 1 under the assumption that 5; > 1V i, (b)
follows from Campbell Mecke Theorem [69], and (c) follows from the fact that
the channel gains are assumed to be Rayleigh distributed. Here £r, (.) is the
Laplace transform of the cumulative interference from all the tiers when the
randomly chosen mobile user is being served by the i** tier. Since the point
processes are stationary, the interference does not depend on the location x;.

Therefore, we denote L, by Ly, which is given by

L, (s) = HIEQ H exp (—sthle(a:j))

CCJ'GCI)]'/CCZ‘
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Using the independence of the fading random variables £, (s) equals

K

HE% H Ep [exp (—sPjh,l(x;))]

j=1 z; €05 /x;

@ T 1

= HE@J‘ H 1+ sPi(z:)
o1 My 1+ Sﬂl(xj)

6) 11 1

= exp —)\1/ (1 - a) dx)
11 ( w \' T sl e ) "
K 00 o)

© Hexp <—27T/\i(8pj)2/a/ 7’/ et gy dT) ) (2.7)
o 0 0

where (a) follows from the Rayleigh fading assumption (i.e., h ~ exp(1)), (b)
follows from probability generating functional (PGFL) of PPP [69] and, (c)
results from algebraic manipulation after converting from Cartesian to polar
coordinates Using some properties of Gamma function, (2.7) can be further

simplified to

K
Li(s) =exp (—32/0‘0(04) Z)\in/a) : (2.8)
i=1

where C(a) = el Using (2.6) and (2.8) the coverage probability

«

Pc({Ni}, {Bi}, {P}) is
K \2/e . st
S / () @l S R S ey
i=1 R?

which completes the proof. ]

Theorem 1 gives a simple and fairly general expression for coverage

probability. For better understanding of the proof, we now provide a brief
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description of the main steps. First recall that a mobile user is in coverage if
it is able to connect to at least one BS with SINR above its threshold. Now
assuming, 3; > 1, V 7, we know from Lemma 1 that a mobile can connect to at
most one BS. Therefore, P, can now be defined as the sum of the probabilities
that each BS connects to the mobile (with the understanding that all the events
are mutually exclusive and at most one of them happens at any time). This
leads to a sum of probabilities over PPP, which can be converted to a simple
integral of Laplace transform of cumulative interference using Campbell-Mecke
Theorem [69]. A closed form expression for the Laplace transform can be
evaluated in two main steps. Firstly, the nature of interference function (sum
over PPP) leads to a product form for its Laplace transform. Using probability
generating functional (PGFL) of PPP [69] and the fact that fading power is
exponentially distributed, we arrive at the closed form expression for Laplace
transform which directly leads to the final result of the Theorem. This result
can be simplified further for the interference-limited case, where it reduces
to a remarkably simple closed-form expression given by Corollary 1. When
the system is interference-limited, SINR and signal-to-interference-ratio (SIR)
can be used interchangeably since thermal noise is negligible compared to the
interference power. However, for concreteness we will henceforth use SIR when

assuming interference-limited network.

Corollary 1 (No-noise). In an interference limited network, i.e., when self-

interference dominates thermal noise, the coverage probability of a typical mo-

43



bile user simplifies to

LD P
K 2/«
(a) Zi:l )‘iPz' /

P.({N}, {B:}.{P}) = 8 . B> 1.

Proof. Follows from Theorem 1 with o2 = 0. O

The simplicity of this result leads to some important observations.
Firstly, setting K = 1 leads to the single-tier case, where the coverage proba-
bility is given by:

™

P\ P) = G (2.9)

From (2.9), we note that the P, in an interference-limited single-tier network is
independent of the density of the BSs, and is solely dependent upon the target
SIR. This is consistent with [1], where a similar observation was made for a
single-tier network using nearest neighbor connectivity model. The intuition
behind this observation is that the change in the density of BSs leads to the
change in the received and interference powers with the same factor and hence

the effects cancel.

From Corollary 1, it also follows that, if 8; = 3, V 7, in an interference-
limited network then P.({\;},5,{P}) = Glaygzra- This is perhaps an un-
expected result since it states that the coverage probability is not affected
by the number of tiers or their relative densities and transmit powers in an
interference-limited network. In fact, it is exactly the same as that of the

single-tier case. Therefore, more BSs can be added in any tier without affect-

ing the coverage and hence the net network capacity can be increased linearly
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with the number of BSs. The intuition behind this result is that the decision
of a mobile user to connect to a BS depends solely on the received SIR from
that BS and a common target SIR, unlike the general case where it also de-
pends upon the tier to which the BS belongs. Thus, the mobile user does not
differentiate between the tiers when the SIR thresholds are the same. Surpris-
ingly, this leads to a situation similar to the one discussed for the single-tier
case above, where the change in the received power due to the change in the
density or the transmit power of BSs of some tier is equalized by the change
in the interference power. Significantly, this implies that the interference from
smaller cells, such as femtos and picos, need not decrease network performance

in open access networks.

2.4.1.2 Average Load per Tier

The average load on each tier is defined as the average fraction of users
in coverage served by that tier. This can also be interpreted as the average
fraction of time for which each mobile is connected to the BSs belonging to a
particular tier. The main result for the average load per tier in open access is

given by Proposition 1.

Proposition 1. The average fraction of users served by j tier (also the

average load on j* tier) in open access is

5= oy Lo (- @ (%)/

2 - 2/a Bio® o
AR P )exp(— i )d:z;i. (2.10)

m=1
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Proof. Let B, € R? denote an increasing sequence of convex sets with B,, C
By and lim, o |B,| = oo. For this proof, we denote SIR,, (x;) as the
received SIR when the mobile is located at x,, # 0 connects to BS located at
xp. Please recall that the subscript is dropped and SIR is denoted as SIR(xp)
when the mobile user is located at the origin. The average fraction of users

served by the j* tier can now be expressed as:

N=tm e S 1| U smm, ) > 8| U (o) > 6)

TmE€BR (1 Pm z;€P; 1€X,z;€P;

Qe | | siR(z;) > Bj’ U (smr(z) > 5)

z; €D, €K,z €P;
P U SINR(z;) >pB;, U (SINR(z;) > f;)
(b) z;€P; 1€X,x; €P;

P (Ui o, (ST0R() > )

_ P <ije<1>j SINR(z;) > Bj) (2.11)

F <Uieﬂ<,mi€@i(SINR(xi) o ﬁi))

where (a) follows from the stationarity and the ergodicity of PPP [69]. P
denotes the reduced Palm distribution of a PPP and (b) follows from the Sliv-
inak’s theorem [69,76] and Bayes rule. Noting that P <Uzje<1>]~ SINR(z;) > ﬁj>
is the probability of coverage with a single tier j, the result follows from The-

orem 1. ]

In an interference-limited scenario, this result reduces to a simple closed

form expression, which is given by the following Corollary.
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Corollary 2. When noise is neglected, i.e., 0> =0,

/\ijQ/Och—WOé
S NP

j=

From Corollary 2, we observe that the load on each tier is directly
proportional to the quantity )\ijQ/ aﬁ; /% 1In line with intuition, a tier will
serve more users if it has a higher BS density or higher transmit power or
a lower SIR threshold. When the thresholds of all tiers are equal to § and
the transmit powers of all BSs equal to P, the average load on each tier is
N; = Zéﬁ Hence, as expected the average load on each tier is directly

proportional to the density of its BSs.

2.4.2 Closed Access

Under closed access, also known as a closed subscriber group, a mobile
user is allowed to connect to only a subset of tiers and the rest of the tiers act
purely as interferers. The motivation for closed access particularly applies to
privately owned infrastructure, such as femtocells or perhaps custom picocells
mounted on a company’s roof to improve service to their staff. The desirable
aspects of closed access can include protection of finite backhaul capacity,
security, and the reduction in the frequency of handoffs experienced by mobile
users and the associated overhead required. In the context of our model, closed
access means that if the strongest BS lies in the restricted tier, it by definition
leads to an outage event irrespective of the received SINR associated with that

BS. Furthermore, since closed access is a constraint on connectivity, it would
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naturally lead to reduced coverage probability. This intuition is verified in the

following discussion.

2.4.2.1 Coverage Probability

The main result of coverage probability in closed access networks is

given by Lemma 2.

Lemma 2. When a typical mobile user is allowed to connect to only a subset

B cC{1,2,,...,K}, the coverage probability for closed access is

PN} (B (P =Y\ / exp (- Cla) (%)/

i€B

K
A2 )\mP2/°‘> ( fio”, >d 2.12
[l mz::l ) exp P || )dz (2.12)

Proof. The coverage probability is

P.({A}. {8}, {P)) = P ( U SR > @)

1€B,x, €D;

Z]E > [L(SINR(x;) > )],

i€B z,€P;
where (a) again follows from Lemma 1 under the assumption that 5; > 1.
Following the same steps as the proof of Theorem 1, we arrive at the final

result. O]

The following corollary specializes from Lemma 2 to interference-limited

HetNets.
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Corollary 3. When o =0,

T Zzeg \ PQ/aB—Z/oz
Cla) Zfil AiPiQ/a

P({A} {8} AR}) =

If the threshold of each tier to be same (and equal to ) and the transmit

power of each tier to be same (and equal to P), the coverage probability is

ZzEB
C(Q)BQ/Q ZK i

. So, if the thresholds and transmit powers of all the tiers are

ZzGB

same, closed access has a lower coverage than open access by a factor of K,

2.4.2.2 Average Load per Tier

The main result for the average load per tier under closed access is given
by Proposition 2. The proof directly follows from the proof of Proposition 1
with the understanding that the coverage event would now be defined by only

the “allowed” tiers.

Proposition 2. The average fraction of users in coverage served by j* tier

(also the average load on j tier) in closed access is

pry )
N, = { Ewaarmy JEB (2.13)
0 otherwise.

where Po({\;},{B:}, {F;}) is the coverage probability under closed access given

by Lemma 2 and

Bj 2 2 p2e _B
5 — -7 Ca)||z][? K _y Am P,
i= [ € ¢
R2

The corresponding result for the interference-limited networks is

dzx.

p2/ap—2/a
[ g
an—2/a Y

Nj = ZiE’BAiPi/ B; /

0 otherwise.

(2.14)
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2.5 Average Rate

In this section, we derive the average rate R achievable by a random mo-
bile user when it is in coverage both for the open and closed access strategies.
It is worth noting that since the rate is computed conditioned on the mobile
being in coverage, it is not the same as the classic ergodic rate E[R]. The
motivation behind considering this metric is that given the coverage/outage
information, the service providers are interested in knowing the average rate
they can provide to the users that are in coverage. Please refer to Appendix A

for the ergodic rate expression.

2.5.1 Open Access

The main result for the average rate in open access is given in Theorem
2. In this section, for notational simplicity, we restrict our attention to the
case of 02 = 0. However, the results can be extended to the general case with

noise in a straightforward manner.

Theorem 2. The average rate achievable by a randomly chosen mobile in open

access when it is in coverage 1S

K 2/
R > i AP, - Bons
= o (1 ) + G )
i=1 "t g

)

(2.15)

where

* max(f;, x)"%
Al Bi, Brmin) = / (1 n a:) duz,

cmd 6mm — min{ﬁla 627 s 7/8K}
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Proof. Denoting the coverage event Ufil U.co, (SIR(z) > B;) by C({5i}), the
average rate achievable by a randomly chosen mobile user when it is under

coverage can be expressed as:

R=E {log (1 + m&g (SIR(z ) ‘C {5} 1 : (2.16)

We first derive the conditional complementary cumulative density function

(CCDF) of max,c| o, (SIR(x)) as follows:

P ( max (SIR(z)) > T ] C({@»}))

zelJ ®;
(@) P (maxxeuq>i(SIR(x)) > T, C({ﬂz}))
P(C({5:}))
®» P(C{T}), C{B:}))
P(CH{s}) 7
P (C({max(T, 5)}))
P(C({5}))

—

- i T > B
225:1 )\ipf/aﬂi 2/a ’ ﬁmm

, (2.17)
1 ;. otherwise

where (a) follows from Bayes’ theorem, (b) follows from Lemma 1 under

the assumption §; > 1V 4, (¢) follows from Theorem 1, and (,,;, denotes

min{Bh 527 ce aﬂK}

Denoting random variable max,c(j,(SIR(z)) by X, R can be evaluated

as follows:

=
I

/ T log(1 4 2)fx(z | C({A}))dz

- / 0 / Oﬁfxxw({m» dy dz,
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—
S)
N

[ et eam i) o au

*P(X >y | C({Bi}))
/0 14y dy,

(2.18)

where (a) follows from changing the order of integration. Now we substitute

(2.17) in (2.18) to get the average rate as:

_ Bmin 1 9 > max(B;, z) "2/
. Ja 5
R—/ 1—dy + 2/a _2/a E AiP; / 1 dz

1 ’ —2/a
= 10g(1 + Bumin) + 2/“/ max(f, &) 7"
S AP “6;% LT

(2.19)

This completes the proof. ]

Thus we observe that the average rate expression involves only a single

integral which can be easily evaluated numerically.

Corollary 4. Using the same threshold B for all tiers, the average rate achiev-

able by a randomly chosen mobile that is in coverage in open access 1S:
R =log(1+ B) + 57/ A(, 5., B). (2.20)

The above result shows that the average rate is independent of the
density of BSs of each tier when the SIR thresholds are same for all the tiers.
This is expected because the distribution of max SIR does not depend upon

the density of BSs in this case (follows from Theorem 1).
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2.5.2 Closed Access

The average rate R. achievable by a randomly chosen mobile under

closed access (assuming it is under coverage) can be expressed as:

E

log (1+ max (SIR(:L'))) )U J (s1R(2) > 8) | - (2.21)

€Uep Pi i€B zE€D;
Following the same steps as in proof of Theorem 2, we arrive at the following

Proposition.

Proposition 3. Assuming a mobile user is allowed to connect to only a subset
B of the K tiers, the average rate (assuming mobile is under coverage) can be

expressed as:

= i )\ZPQ/Q'A s Miy Pmin
Rc = IOg (1 + Bmzn) + ZZEB : 2(/a ﬁg/ﬁ )
ZieB )‘iPi aﬂi ¢

, (2.22)

where Bin = I’zrél%l{ﬁl}
Corollary 5. Assuming the threshold of each tier is the same and equal to

B, the average rate achievable by a randomly chosen mobile in coverage under

closed access s

R, = log(1 + 8) + 87*A(a, 8, B). (2.23)

From Corollaries 4 and 5, we observe that the average rate (R) of
the mobile while it is in coverage is not affected by access control when the
thresholds are the same for all tiers. However, since the coverage probability
is lower in case of closed access, it would naturally lead to a lower ergodic rate
as compared to the open access networks. Interested readers can refer to [48]

for the derivation of ergodic rate in this framework.
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2.6 Numerical Results
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Figure 2.5: Coverage probability in a two-tier HetNet with and without ther-
mal noise (K =2, P, = 25, Ay =5\, f2 =1 dB, SNRegee = 0 dB).

Most of the analytical results presented in this chapter are fairly self-
explanatory and do not require a separate numerical interpretation. Therefore,
to avoid repetition, we will present only non-obvious trends and validation of

the model in this section.

2.6.1 Effect of Thermal Noise

We first study the effect of thermal noise on the coverage probability by
considering a typical two-tier network consisting of macro-cells overlaid with
pico-cells. To set the noise power, we use the following notion of cell-edge

users in this example. Defining the distance of the the nearest macro BS to
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Figure 2.6: Coverage probability in a two-tier HetNet (K = 2, « = 3, P, =
100P,, Ay = 2Aq, B2 = 1 dB, No noise).

the typical mobile user to be r and the underlying random variable to be R,
the mobile user is said to be on the cell edge if P(R < 1) > Peqge, Where Pegge

is set to 0.9 for this illustration. For PPP(\), P(R < r) = 1 — exp(\r?),

—In(1—Pegge)

giving r > —

. For a desired edge-user SNR, say SNRege, o? can be

Pir
4 2 ~ edge
approximated as 0° ~ ST

where 7qge is the limiting value of r evaluated
above. Under this setup, we present the coverage probability for various values
of a in Figure 2.5. By comparing these results with the no-noise case, we note
that the typical HetNets are interference limited and hence thermal noise has
a very limited effect on coverage probability. Therefore, we will ignore noise

in the rest of this section.
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Figure 2.7: Coverage probability in a two-tier HetNet (K = 2, a = 3.2,
P1 == ]_OOOPQ, /\2 = 4/\17 52 =1 dB7 No HOiSG).

2.6.2 Validity of PPP Model and § > 1 Assumption

While a random PPP model is probably the best that can be hoped
for in modeling “unplanned” tiers, such as femtocells, its accuracy in model-
ing “planned” BS locations, such as those of macro-cells, is open to question.
Therefore we verify the PPP assumption for macro-cells from a coverage proba-
bility perspective by considering a two-tier network in three different scenarios:
1) the macro-cell BSs are distributed according to PPP (our model), 2) the
macro-cell BSs correspond to an actual 4G deployment, and 3) macro-cell BSs
are distributed according to hexagonal grid model. The second tier is modeled
as an independent PPP in all three cases. As shown in Figures 2.6 and 2.7,

the actual coverage probability lies between the coverage probabilities of the
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PPP and grid model. This is because the likelihood of a dominant interferer
is highest for the PPP and lowest for the grid model. This comparison shows
that the PPP assumption is nearly as accurate as the grid model in the case of
macro-cells, with the PPP providing a lower bound and grid model providing

an upper bound to the actual coverage probability.

We now focus on the § > 1 assumption by comparing the theoretical
and simulated results for coverage probability in Figures 2.6 and 2.7. As
expected, the simulated and analytical results match reasonably well for 5; > 1
but interestingly, the theoretical results also provide a tight upper bound to the
exact solution even until about 8; = —4 dB (& .4). Therefore, the analytical
results also cover typical cell edge users. The same trend is observed in the
case of average rate results presented in Figure 2.8, which are also accurate
down to about —4 dB target SIR. Recall that the assumption 5; > 1 is relaxed
in Appendix A, where general expressions for coverage probability and ergodic

rate are derived.

2.7 Summary

In this chapter, we developed a tractable model for a downlink HetNet
consisting of K tiers of randomly located BSs, where each tier may differ in
terms of average transmit power, supported data rate and BS density. Assum-
ing a mobile user connects to the strongest candidate BS in terms of received
power and a fairly general channel model, we derived an expression for the

probability of coverage (equivalently outage) over the entire network under
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Figure 2.8: Average rate while mobile is in coverage (K = 2, « = 3, P, =
1000P,, Ay = 2A1, B1 = B2 = 3, no noise, open access).

both open and closed access, which assumes a strikingly simple closed-form
when the resulting SINR is greater than 1 and the network is interference lim-
ited. We also derived simple expressions for the average rate achieved by a
typical mobile and the average load on each tier of BSs. One interesting ob-
servation for interference-limited open access networks is that at a given SINR,
adding more tiers and/or BSs neither increases nor decreases the coverage
probability when all the tiers have the same target SINR. The baseline model
developed in this chapter will be generalized to various scenarios of interest

for current and future HetNets in the following chapters.
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Chapter 3

Load-Aware Modeling and Analysis of
HetNets

As discussed in the previous chapter, HetNets are characterized by cells
whose coverage areas may vary by orders of magnitude. It is natural therefore
that their user populations (and hence traffic loads) will vary similarly. Yet, to
date, random spatial models developed for HetNets generally assume that all
base stations (BSs) are always transmitting and hence implicitly have the same
load. This chapter incorporates a flexible notion of BS load by conditionally
thinning the interference field, conditional on the connection of a typical mobile
to its serving BS. We derive the coverage probability —i.e. the SIR distribution
— for a typical mobile in a K-tier HetNet where each tier has an arbitrary load,

characterized by an activity factor py € [0, 1], where p, = 1 is fully loaded.

3.1 Related Work and Motivation

The idea of using random spatial models for K-tier HetNets discussed
in the Chapter 2 was introduced by us in [5,77] and extended in [48-56],
and is surprisingly tractable: under fairly benign assumptions, the coverage

probability could be derived in closed-form, which is not possible even for 1-
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tier networks in the hexagonal grid model. The model further was shown to
generally agree in several important ways with more sophisticated industry

(e.g. 3GPP) simulations [33] and even early field deployments of HetNets [32].

Despite this encouraging progress, the baseline model and all its exten-
sions lack in at least one important aspect, which is their neglect of network
traffic and load. Rather, the work to date in this direction has assumed that
all the BSs transmit concurrently all the time, which translates to a fully
loaded (or full buffer) scenario resulting in pessimistic estimates of coverage
and average rate. Although this might be justified for macrocells in peak traf-
fic hours, this is not applicable for smaller cells whose smaller coverage areas
will naturally accommodate fewer users, even if considerable biasing towards
the small cells is introduced. Therefore, the main goal of this chapter is to
incorporate a notion of BS load. Those familiar with random spatial models
will recognize that a simple independent thinning of the point processes will
not capture the load since it may also turn off the serving BS, which is not
allowed if the analysis is performed for a typical active user. On the other
hand, incorporating more sophisticated queueing models in the present multi
cell scenario will render the analysis intractable due to the interference in-
duced coupling in the service rates of various BSs [78,79]. Moreover, this line
of thought is not in the scope of the current chapter since we do not focus
on the flow level performance evaluation. The readers interested in flow level
models can refer to [80,81]. With our main focus on the downlink coverage

evaluation, we propose a middle way whereby we conditionally thin the inter-
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ference field predicated on a connection to a typical active user, and we are

able to maintain acceptable tractability with a realistic model of BS loading.

3.2 Contributions and Outcomes

Tractable load model for K-tier HetNets. In Section 3.3, we in-
corporate a notion of BS load in the baseline K-tier HetNet model proposed in
Chapter 2. For a HetNet where BSs across tiers differ in terms of their transmit
power, supported data rate and deployment density, we assume that a typical
mobile connects to the strongest BS in terms of received power and condi-
tioned on this connection, the i** tier interfering BSs transmit independently
with a probability p;, which models the load. These BS activity factors {p;}
may vary significantly across the tiers due to orders of magnitude differences

in the coverage areas of each tier.

Coverage probability for both open and closed access net-
works. We derive exact expressions for the coverage probability of a typical
mobile user in both open and closed access HetNets. Since these expressions
involve an infinite summation, we also derive a set of upper and lower bounds
that can be made arbitrarily tight with a finite number of terms. These bounds
also give insights into the number of terms of the infinite summation required
to approximate the coverage probability such that the approximation error is

within some predefined limit.

Key system design insights. This chapter provides some potentially

useful design insights for HetNets. First, we study the effect of proposed
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“conditional thinning” on the coverage footprints of various tiers and show that
this effect can be understood in two equivalent ways: i) thinning of interference,
and ii) biasing of the typical mobile towards its serving BS. While the former is
a direct result of thinning, the latter is an indirect consequence of the expansion

of the coverage regions in the thinned interference field.

Second, our analysis sheds light into the effect of adding new tiers to
already existing HetNets. In particular, we derive an exact condition under
which the addition of a new tier to a general K-tier HetNet will increase the
overall coverage probability. A relevant special case is the addition of small
cells to existing macrocell networks, where we show that in the interference
limited regime the overall open access coverage probability increases if the load
on small cells is smaller than that of macrocells, which is a typical operating
scenario because of the smaller loads handled by small cells. This is a strong
rebuttal to the viewpoint that unplanned infrastructure might bring down a

cellular network due to increased interference.

Third, we show that the coverage probability for a general K-tier
interference-limited open-access network is invariant to changes in the power
and deployment density when all the classes of BSs have same loads and target
SINRs. Furthermore, this coverage probability is also the same as that of a

single tier network with the same target SINR and the same BS activity factor.
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3.3 System Model

As in Chapter 2, we model a downlink heterogeneous cellular network
with K classes (or tiers) of BSs. For notational simplicity, we denote the
set {1,2,...K} by X. BSs of the i class transmit with power P;, have
a target SINR of 3; and are assumed to form a realization of an independent
homogeneous Poisson Point Process (PPP) ®; with density \;. As discussed in
Chapter 2, such a model seems sensible for user deployed BSs such as femtocells
but is dubious for the centrally planned tiers such as macrocells. Nevertheless,
the difference is not as large as expected and PPP assumption for macrocells is
shown to be about as accurate as the grid model when compared to an actual
4G network in [1]. More recently, [82] has validated the PPP assumption for
certain cities using tools from spatial statistics. We will comment more on the
accuracy of this assumption in the context of the proposed load model in the

Numerical Results Section.

Without loss of generality, we perform analysis on a typical mobile user
located at origin, which is made possible by Slivnyak’s Theorem [69]. For cell
association, we consider the max-SINR connectivity model, where a mobile
user connects to the BS that provides highest downlink SINR. It should be
noted that this model is the same as the max-power connectivity model where
a mobile connects to the BS that provides highest downlink power. Since
HetNets are typically interference-limited [83], we ignore thermal noise for
notational simplicity. However, as would be evident from the analysis, this

assumption can be relaxed without much extra work. To model the wireless
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channel, we consider a standard distance based path loss with exponent av > 2
along with Rayleigh fading. Hence the received power at a typical mobile
from a BS located at point € ®; can be expressed as P;h,| x| ~*, where h, ~
exp(1l) and ||z||~ is the distance based path loss. General fading distributions,
e.g., log-normal shadowing, can be incorporated using techniques developed
in Chapter 5. Assuming Z; to be the set of &' tier interfering BSs (possibly
thinned version of ®;), the downlink SIR at the typical mobile user when it

connects to the BS located at point y € ®; is

P, @

Y1 Yvez, Prhallzl =

3.3.1 Modeling Base-Station Load

In this K-tier random spatial model, we now incorporate network “load”
perceived by each BS as the likelihood of its transmission at a randomly chosen
time instant. This can also be visualized as the BS activity factor, formally

defined as the fraction of time for which a BS transmits.

Relationship of BS activity factor with number of active users.
A BS is inactive in a particular resource block, e.g., time-frequency resource
block in LTE [75], if there is no active user scheduled. This can be due to an
over provisioned system or a momentary lull in traffic due to the bursty nature
of data access. Clearly, this model characterizes the load on each BS in terms
of the total number of active users served by that BS at a random time instant.

In the context of Orthogonal Frequency Division Multiple Access (OFDMA)
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if a particular BS experiences high load, it will utilize more frequency time
resources and hence the probability that a user is scheduled in a particular
frequency time block increases. Therefore, the load perceived by a BS is
directly related to the likelihood that an arbitrary resource block is utilized

and hence is related to the BS activity in that particular block.

Temporal and spatial correlation in BS activity factors. In gen-
eral, there is both temporal and spatial correlation in the activity factors of
different BSs. Temporal correlation is induced across neighboring BSs by the
mobility of users, i.e., if a user is associated to a particular BS, the likelihood of
neighboring BSs transmitting at a future time instant is slightly higher. Spa-
tial correlation is induced by interference and traffic/load patterns [78,79]. To
understand this, consider two neighboring BSs. When the first BS transmits,
it increases net interference experienced by the second BS and hence reduces
its data rate. As a result, the second BS now takes longer to transmit same
amount of data than it would have taken if the first BS was not transmit-
ting. Therefore, the activity factors of these two BSs are positively correlated.
However, modeling the exact nature of these correlations is beyond the scope
of the current chapter and we assume the BS activity factors to be indepen-
dent. Although the spatio-temporal correlations haven’t yet been modeled for
this exact problem, it is worth noting that they have been handled in some
related setups, e.g., the effect of spatio-temporal correlations of interference

on coverage is discussed in [84,85].
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3.3.2 Proposed Load Model and Mathematical Preliminaries

We assume that a typical mobile connects to the strongest BS in terms
of received power and conditioned on this connection, the interferer belonging
to the " tier transmits independently with a probability p; and is idle with a
probability 1 — p;. This conditioning makes it harder to analyze this system
model since we do not have a priori knowledge about the serving BS and hence
it is not possible to isolate the interference field. To overcome this, we partition
each tier ®,, independently into two sets of BSs V¥,, and A,,, where V¥,, and
A,, are both independent PPPs with densities p,, Ay, and (1 — py,)A,. The
set W,, represents the set of active BSs of tier m with the possibility of one of
them being a serving BS, and A,, represents the set of idle BSs of tier m with
an exception that it could also contain the serving BS since partitioning was
done independently. The advantage of this partitioning is that the interferers
are confined to the set ¥ = [J V,,. For ease of notation, we define the

meX ~m

maximum signal strength from a set of nodes A as
M(A) = suE Pyh| x| ™, (3.2)
Tre

and the total received power at the origin from the set of active BSs as

K

I=Y "> Phyz|™ (3-3)

i=1 zeW;
which denotes the net interference power if ¥ does not include the serving BS

and the interference plus signal power if it includes the serving BS. From the

definition of M (¥;) and [, it is easy to see that 1 (I]ﬁf(g) < &) = 1 only if no

66



active BS in the set ¥; can connect to the mobile. Similarly, 1 (@ < 51’) =
1 only if no BS in the set A; is able to connect to the mobile. The second
event is defined to cover the possibility that a serving BS may lie in the set
A;. Using these two events, we will now define the coverage probability of a
typical mobile at the origin. We note that a mobile will be in outage (not in
coverage) if none of the BSs in the whole network provides SIR that is greater

than the corresponding target for that tier.

Definition 1 (Coverage Probability). Coverage probability, P., can be formally

It (I_L];’(EP) < ﬁi) 1 <w < B)] . (3.4)

IS

defined as

P.=1—-FE

For this definition, we implicitly assumed an open access network where a
mobile user is allowed to connect to any BS in the network without any re-
strictions. Another possible access strategy is closed access or closed subscriber
group strategy in which a mobile is allowed to connect to only a subset B C K
of all the tiers. Coverage probability for closed access is also given by (3.4)

with the only difference that the product is over the set B instead of X.

For tractability, we assume that the target SIR thresholds 3; are greater
than 0 dB, i.e., §; > 1, V4. This is in fact the case for a large fraction of mobile
users and only a few edge users might violate this assumption. Moreover, in the
Numerical Results Section we show that the results derived under this weaker
assumption hold down until around —2dB which covers a large fraction of cell

edge users as well. This assumption has also been validated earlier for the
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fully loaded K-tier HetNet in [5]. The reason why this assumption is helpful is
because it ensures that at most one BS in the active set ¥ meets the target SIR
requirements for a typical mobile user. Refer to [5] for a detailed discussion
on this assumption and its application in coverage analysis of a fully loaded

K-tier HetNet.

3.3.3 Coverage Regions

Before going into the detailed analysis of coverage probability, it will
be useful to understand the effect of the proposed load model on the cover-
age footprints of various BSs. Consider a realization of a three tier HetNet
in Figure 3.1. We first plot the coverage regions assuming a fully loaded net-
work by tessellating the space according to max-SIR connectivity model in the
left figure. As discussed in Chapter 2, this plot does not resemble a classi-
cal Voronoi tessellation due to the differences in the transmit powers of BSs
across tiers. Moreover, it should be noted that the “cell edges” are not as
sharp in reality due to fading and shadowing, which are averaged out for these
illustrative plots. The effect of incorporating the proposed load model on cov-
erage footprints can now be understood in two equivalent ways: i) thinning of
the interference field conditional on the connection of a typical mobile to its
serving BS, where the original coverage regions corresponding to the inactive
BSs are removed to highlight conditional thinning (second figure), ii) biasing
of a typical mobile towards its serving BS relative to the new cell edge defined

by the set of active BSs (third figure). While the former is a direct result of
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Figure 3.1: Illustration of the proposed load model in a realization of a three-
tier network with Ay = 2A\;, A\3 = 4\, P, = 100P,, P, = 1000P;, p; = .6
and p, = p3 = .4. The big circles, squares, small diamonds and big triangle,
respectively represent macrocells, picocells, femtocells and a typical mobile.
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conditional thinning, the latter is an indirect consequence of the expansion of
coverage regions in the thinned interference field. In Apendix B, we show that
the same idea of conditional thinning can also be used to study non-uniform
user distributions, especially the ones corresponding to the current capacity

centric deployments, where the users are more likely to lie closer to the BSs.

3.4 Coverage Probability

This is the main technical section of this chapter where we derive the
probability that a typical mobile is in coverage under the system model in-
troduced in the last section. We first derive coverage probability for an open

access network, from which the results for closed-access immediately follow.

3.4.1 Exact Expression for Coverage Probability

We start by stating the Laplace transform of 7, i.e., £;(s) = E [exp(—sI)],
in Lemma 3, which will be useful in the derivation of coverage probability. The
proof follows from the proof of Theorem 1 in Chapter 2 with some minor mod-

ifications and is hence skipped.

Lemma 3. The Laplace transform of I can be expressed as

£1(s) = exp (—sic<a> Zmp?) , (35)

where C(a) is given by
272 2
Oty = 2 (&) (3.6)

(07
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The following Lemma deals with fractional moments of interference and
is the main technical result required to evaluate the coverage probability for

this model.

Lemma 4. Let U, denote the set of active transmitters of tier i and 6; =

Bi/(1 4 B;). Let I denote the total received power from the BSs in the set U

7

and for notational simplicity define T =1 (mzz{x @ < I) I72/*_ Then
(S

_ mlg(m)
B[] = T,
where
(LAY B Al D)
g(m)_( 77) {F(H%’”) nF(1+W)}’ (37)
and

A=t (14 2) Y- mnrfa (33)

lex
AP ] Ry (1,2 ] 4 2
B:Z 2P (1,5 ST 1+/31)7 (3.9)
ieX <1 + ﬁl) ¢
K 2
n=Cla) Zpl)\zpﬁ- (3.10)
=1
The hypergeometric function is denoted by
F(C) 1 tbfl(l - t)cfbfl
Fi(a,b = dt. 3.11
2F1(a.5,¢.2) = Fre =) /0 (1—tz) (8.11)
Proof. Being consistent with the definition of T, we note that
M,
T =1 <m%<x () 1) [mle (3.12)
(S i
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To proceed with the proof, we represent 1=2™/ in terms of I'(z) as

]_ & 2m
[2mle — —/ g1+ > 1 1
T@mja) ), e Vs s, m>1, (3.13)

where I'(x) is the standard gamma function. Using this representation of

[72m/% we can express E[T™] as

MV, 1 * 2m
E |1 ( max (s) <I 5 / e s ds | . (3.14)
ieX 0 F(Tm) 0
Using Fubini’s theorem, we can exchange the expectation and the inner integral
to obtain
1 o m M,
T/ sTHEE e*'1 ( max () <1]|ds. (3.15)
yeay! £

Under the assumption 8; > 1, V i, we know that only one BS in the whole
network can establish a downlink connection with a typical mobile. Hence,

1 (max MC(SZIJZ) > ]) = Z Z 1(SIR(x) > B;), (3.16)

ieX
1=1 JTE\Ifi

where SIR(z) is the received SIR when a typical mobile is camped to the BS

located at x € ;. Using this expression, the expectation term of (3.15) can

E {6—511 (mzax Mffi) < 1)}

=E[e] - ZE e st Z 1(SIR(x) > &)] : (3.17)

=1

be written as

From Lemma 3, we know the Laplace transform of total interference and hence

the first term in the above expression can be directly written as:

K
E [e7] = exp (—32/a0(04) Zpl)\lPlQ/a> : (3.18)
=1
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To evaluate the expectation in the second term of (3.17), we first denote
the effective interference as I' = I — P;h,|lx||~® and note that the Laplace

transforms of I and I’ are the same. The expectation can now be simplified

as
E e ) " 1(SIR(z) > @)]
eV,
“ayq [ Pihallzl™

= Z exp(—sI' + Pih,||z| )1 (T > f3; (3.19)
$E\I/i

(i) E Z e—s]’]Ehz |:€—Pihz||$”7a1 (hx > B@I/R_l‘|x|’a):|] (320)
Lxew,

®) Ep [exp(=1'(s(1+ 5) + B: P [|=]*))]
ap> T+ 5Pl ] |

(3.21)

L xeV;

where (a) follows from the fact that fading is independent of all the other
random variables and (b) follows from the fact that h, ~ exp(1). Now, using
the Laplace transform of I’ and recalling = C(a) Y1, )\lplPlQ/a, it can be

further simplified to

exp(=n(s(1 + 4) + 8.5 [l]|*) =)
E E ! 3.22
1+ sP||x|— ’ (3.22)

zeWw;
and using Campbell Mecke theorem [69] to

exp(=n(s(1 + 8) + BBy [l[|”)+)
Aipi i da. 3.23
b /R 1+ sBfaf = ! (3.23)

With this we have now simplified both the terms of (3.17) given respectively
by (3.18) and (3.23). We now substitute the first term in (3.15) and evaluate

the integral with respect to s as

/ s/ oxp (—7752/0‘) ds = ————, (3.24)
0
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where the solution follows from the substitution s/

— y followed by integra-
tion by parts. Now substituting the second term (given by (3.23)) in (3.15),
we get the following integral

Nl ik ) . .
z'pi/o /R2 D xds. (3.25)

Now use the substitution (sP;)~"/“z — z, which leads to

0o S—H—Qm/ae—nsg((H‘Bi)‘f'ﬁi”m”a)% 2
s / / (sP)adeds.  (3.26)
0 R2 1 + HxH*CV

Now exchange the integrals to obtain

12D 2 (1484 i) B
AP / / — dsdzx. (3.27)
e 1+ |z

Now the inner integral (with respect to s) can be evaluated directly using the
definition of I'(z) function or using the substitution s*® — s to obtain the

below integral.

2
\ipi P~ am! d
b, o / ’ . (3.28)
2™ R (L4 [|z]=) (1 + B; + i) "+
Now the above integral can be expressed as
1 d
Yoy / - e (3.29)
(L+ Bt Je2 (L4 [lal=) (1 + 155 o)=Y
Now using the substitution 1+ 5 fﬁ |z||* — ¢!, the above expression can be

simplified to

27372 T(2m/a)(1 + 2/a)
ol + B;)2m/e T(1 4+ (m +1)2/a)
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2B (1,2m/a, 1+ (m+1)2/a, (14 3)71), (3.30)

where 5/ is the generalized hypergeometric function. Combining all the above

we obtain the result. O

Using these Lemmas, we now derive the main coverage probability re-

sult.

Theorem 3 (Open Access). The downlink coverage probability for a typical

mobile user in a K-tier open access network assuming B; > 1, V 1, is

Z pMin/a@_Q/a

T ieX =
P. = — g(m), 3.31
Cla) K pAPY® mzzl o 331

Proof. The coverage probability is given by (3.4). Since the point processes A;
and the corresponding fading random variables are independent, conditioning
on the common interference, we can move the expectation inside the product.

Hence

1-pP.=E

I (% < @) E[1(M(A) < @1)}] L 332)

where the inner expectation is with respect to the inactive transmitter sets.

We first simplify this inner expectation as follows:

E[1(M(A:) < Bi1)]

=B | [T 1 (Phfla]™ < @-I)] (3.33)
CE T (1 —exp (—ﬁiﬂlfuxua))] (3:34)
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® exp (-(1 — pi))\i/ exp (=62 I||z||*) da:) (3.35)
zeR?

c _2 2 2 2
© exp (—(1 —pi)\if3; I =Pl (1 + —)) , (3.36)
e
where (a) follows form the fact that fading is Rayleigh distributed, i.e., h ~
exp(1), (b) follows from the probability generating functional (PGFL) of PPP [69]
and (c) follows from some algebraic manipulations to reduce the integral to a

Gamma function. Now recalling the expression of A given by (3.8), we can

write

1-P.=E {1 (max M(T,)

< 1) exp(—AI_z/o‘)] : (3.37)
€KX i
Using the Taylor series expansion of exp(—x), exchanging the infinite summa-
tion and expectation®,

1-P, = f: (_Tf!)mlﬁz [1 (r?&x ng”') < 1) 1—2’”/@] .

m=0 i

The summation can be split as

M () o (=A)”
1—PC:P(I§1€%<X—i<[)+Tnzl — E[T™"]. (3.38)
The term 1 —P <maxi @ <1 ) is the coverage probability in a fully loaded

heterogeneous network where the m-th tier density is p,,A,,. This is derived

in [5] and is given by

3 pz’/\z‘P‘Q/aﬁ'_Q/a
=1

M, =
1-P (max(—) < I) S - — (3.39)
P 0 Cla) S°E pidiP;
Using Lemma 4 to evaluate E [T™], we obtain the result. O

!The average of the series is absolutely convergent.
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We note that the expression of coverage probability involves infinite
summation over the sequence g(m). Therefore, we first show that the infinite

summation converges by showing that |g(m)| — 0 as m — co. Observe that

o
o< (3) e < 0 By
il

e AT -
By gz

where the limiting argument follows from the fact that the sequence of the

— 0, (3.40)

form x™/n! — 0. In addition to proving that the series converges, this upper
bound on |g(m)| also sheds light on the behavior of the sequence g(m). If
A/n < 1, the bound decreases monotonically with m and hence it is enough
to consider only a few significant terms to closely approximate the infinite
sum. However, if A/n > 1, especially if A/n > 1, the upper bound first
increases until [22] < (A/n)@ and decreases thereafter. Therefore, the
number of significant terms of g(m) required to approximate the infinite sum
would be higher. It can be easily shown that A/n < 1 for all choices of system
parameters when the activity factor of each tier satisfies the following condition

- 1
1+ C(a)3* [xT(1 + 2/a)]

(3.41)

For B, =1 and « = 4, this value of p; comes out to be ~ 0.36. Therefore, the
infinite sum can be tightly approximated by the first few significant terms of
g(m) in most operating scenarios. We will comment more on the convergence
of g(m) and the number of terms required to tightly approximate the coverage

probability later in this section and in the Numerical Results Section. We now
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provide the exact expression for the coverage probability in a closed access
network in the following Theorem. We recall that that coverage probability in
closed-access is given by (3.4) with the only change that the product is over B
instead of K. By definition, coverage probability in closed access is less than
that of open access. Using this definition, the proof proceeds exactly same as

that of Theorem 3, and hence is not provided.

Theorem 4 (Closed Access). The downlink coverage probability of a typical
mobile in a K-tier closed access network where a mobile is allowed to connect
to B C K tiers assuming 5; > 1, V i, is

Z pi)\iPiQ/aﬂi—Q/a

T ieB =
P. = — ge(m), 3.42
Cla) s, o 20 )

where g.(m) and the corresponding expression for A are given by (3.7) and
(3.8), respectively, with the only difference that the summations defined over

set K are now over set B.

We conclude this discussion with a note that the proof technique in-
troduced in this section is quite general and can be used to study variants
of the load model introduced in the last section. For example, if the net-
work is modeled such that it has a predefined set of BSs that are active and
a typical mobile is allowed to connect only to the inactive set, it is easy to
observe that the coverage probability under open access assumption is given
by P. = 1—E [Hfil 1 (w < @)] From the proof of Theorem 3, this

corresponds to 1 — Efexp(—AI~%%)] and can easily be evaluated following the
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proof technique of Theorem 3. The same argument can be extended to the

closed access case as well.

3.4.2 Special Cases of Interest

We now use the results derived in this section to study some special
cases and compare the system performance with already known results for
fully loaded system. First, we note that for a fully loaded system, the value of
A = 0 and hence g(m) = g.(m) = 0, ¥ m. Therefore, the coverage probability

in this case can be expressed as the following Corollary of Theorems 3 and 4.

Corollary 6 (Fully Loaded). For a fully loaded system, i.e., p; = 1V i, the

coverage probability in open access is given by

P AN
T 4ex ’ '
P. = , (3.43)
K 2/a
Clo) e P

which is the same as Corollary 1 of Chapter 2. The coverage probability in
closed access is also given by (3.43) with the only difference that the summation

over the set K is now over set B.

For a single tier open access network, the coverage probability derived

in Theorem 3 can be simplified and is expressed as the following Corollary.

Corollary 7 (Single Tier). The coverage probability for the single tier open

access network with BS activity factor p is

o0

™

B 672/01
Pe="Cla) ~

g(m), (3.44)

m=
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where the terms % and % appearing in the expression of g(m) given by (3.7),

A wl(d+ 2)(1—p) (3.45)
N Cla)pBn '
B _oR(1LE 1+ O ) (3.46)
U Cla)fa(l+ /)% |

Remark 1 (Scale invariance of a single tier network). From Corollary 7, we
note that for any BS activity factor p, the coverage probability in a single tier
open access network is independent of the BS density A and transmit power
P. This is henceforth referred to as “scale-invariance” of cellular networks to

changes in the BS density and their transmit powers.

Remark 1 is a generalization of a similar result derived for fully loaded
networks in Chapter 2, which can easily be seen from Corollary 6. In addition
to single tier networks, it was also observed in Chapter 2 that the general
fully loaded open access multi tier networks also exhibit scale invariance if the
target SIRs for all the tiers are the same. This can also be easily deduced from
Corollary 6. Motivated by this observation, we study the coverage probability
for our proposed load model in open-access multi tier networks under the

assumption that the target SIR is the same for all tiers in the next Corollary.

Corollary 8 (Coverage Probability: K-Tier with same (). The coverage prob-
ability for a K-tier open access network under the proposed load model assum-
ing target SIRs to be the same (= () for all the tiers is given by (3.44), with

the difference that the term % appearing in the expression of g(m) given by
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A0+ 2 S5 (0 - B (3.47)
n C’(a)ﬁ2/a leil pl)\lPlz/a ’ .

and % appearing in (3.7) is given by (3.46).

Remark 2 (Scale invariance of K-tier HetNets with same (). From Corol-
lary 8, we note that the coverage probability for K-tier HetNets is not scale
mwvartant in general, even when target SIRs of all the tiers are the same. How-
ever, the invariance property does hold when the BS activity factors of all the
tiers are the same. Interestingly, the coverage probability in this case is same

as that of a single tier network given by Corollary 7.

To understand this remark, we consider the following simple example.

Example 1 (Scale invariance in a 2-tier HetNet). Consider a two tier network
with BS activity factors p1 and py. If p1 < pa, increasing the density of the first
tier leads to a higher increase in the intended power due to the higher likelihood
of having a closer tier-1 BS as the serving BS but a relatively smaller increase
in the interference power. The coverage probability in this case is expected to
increase. On the other hand, if py > po, increasing the density of tier-1 BSs
leads to higher increase in the interference power as compared to the intended
power, leading to a decrease in the coverage probability. The two effects cancel

each other when the activity factors of the two tiers are the same.

We now extend this result and derive exact condition under which the

addition of (K + 1) tier won’t affect (or will improve) the coverage of the
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existing K-tier network. We again assume same target SIR for all the tiers.

The result is given in the following Corollary.

Corollary 9 (Same 3: Effect of adding (K + 1) tier). The overall coverage
probability increases with the addition of the (K + 1) tier if the load on the

new tier satisfies
2/o<

Pr+1 < Zpl )\ P (3.48)
decreases if the inequality is reversed and remains the same if (3.48) holds

with equality.

Proof. From Corollary 8 we note that the only term in the coverage probability
expression that will change with the addition of a new tier is A/n. It can be

expressed as

-1

A_ wr 142 [ . pe
— —-1]. (3.49)
2/a Z 2/a
7~ Clap~ — )\ K AP
Defining effective load on a K-tier network as
)\ P2/a
peff - Zpl K 2y P2/a (3.50)
A/n can be expressed as
é — 7-‘-1—‘(1 + %) (1 _p((egf{)> (3 51)
- 2/a K ) ’
n Cla)p? piﬂ)

which is the same as (3.45) for the single tier coverage result derived in Corol-

lary 7. From this equivalence, it follows that the coverage probability is a
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decreasing function of peg. Therefore, if the addition of the new tier leads to
lower effective load on the network, the coverage will increase. This can be

shown to be the case when (3.48) holds as follows:

K+1 2/cx
K+1 Z p—t K+1 )\ EC (3.52)
Pyl 1Pz>\lP N )‘K+1PI§+12 >l pl}‘lpf (3.53)
IDSHESD W TS LS AP WCCE) S B o
_ ngf)‘ (3.54)
The other two results follow using the same argument. O

3.4.3 Bounds on the Coverage Probability

Evaluation of the exact expression of the coverage probability requires
an infinite summation. Although we have argued that the summation can be
tightly approximated by considering only a first few terms, we haven’t yet pro-
vided a formal method to determine the exact number of terms required such
that the approximation error is within predefined limit, say €. Interestingly,
this can be achieved as a by-product of the set of bounds we derive in this
section that can be made arbitrarily tight. The idea is to use the following

identity of exp(—x).

Lemma 5. For x > 0 and m > 0,

i (C2)' ¢ () < - (o) (3.55)
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Proof. The proof follows from induction. Since exp(—0) = 1 and 2?21071 (_Z—?)L =

1, it suffices to prove that - Z?Z)_l (,;)i

— exp(—z) < 0, which follows from

the upper bound when m =m — 1. ]

Using this identity in the proof of Theorem 3 results in the following

bounds.

Lemma 6 (Bounds on Coverage Probability). For m > 0, the coverage prob-

ability for the proposed load model can be bounded as

K
2m NP
— g(i) < P — =1 < - g(2 3.56
; (4) 0@ SF P X; (i) (3.56)

i=1Di

Clearly, these bounds can be made arbitrarily tight by increasing the
value of m. Interestingly, these bounds are closely related to the exact expres-
sion of coverage probability derived in Theorem 3. In particular, the upper
and lower bounds are derived by truncating the infinite sum over g(m) at odd
and even number of terms, respectively. Therefore, these bounds provide a
direct way to find the number of terms of g(m) required to ensure an ap-
proximation error within a predefined limit e, which is equal to M., where
M, = mniln lg(m)| < e. We will use this observation in the study of the conver-

gence of infinite sum over g(m) in the Numerical Results Section.

We conclude this section by noting that some terms of the sequence
g(m) can be expressed in closed form, leading to closed form bounds for the

special case when o = 4 and m = 2. The bounds in this case depend only on
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the first two terms of g(m) that can be expressed as

_—A 9 N i 1/211/2
9(1)—7{7 Z Hm} (3.57)

K
{1 - AP e (T @-))} SENCES
=1

3.5 Numerical Results

Since most of the analytical results derived in this chapter are fairly self-
explanatory and do not require separate numerical treatment, we will provide
only those results which help in validating key modeling assumptions or help

better visualize certain important trends.

3.5.1 Convergence of Infinite Sum

We study the convergence of the infinite sum appearing in the coverage
probability expression in Figures 3.2 and 3.3. Figure 3.2 plots the truncated
series > " ¢(i) as the function of m for a single tier network and hence gives
insights about the number of terms required until the series converges. To
understand the trends, recall that the ratio A/n decreases monotonically with
the activity factor p. Therefore, the number of terms required for the series
to converge are higher when the BS activity factor is lower. Moreover, for the
case when A/n > 1, i.e., p = .25, the series first increases until a certain point

and then decreases and finally converges to its limiting value. This trend has
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Figure 3.2: Plot showing the convergence of the series ) . g(i) for various BS
activity factors in a single tier network with § = 1.
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Figure 3.4: Coverage probability as a function of transmission probability is a
single tier network (8 =1 and a = 3.8).

been discussed in detail earlier in the chapter when we proved the convergence
of the infinite sum. To provide an idea of the number of terms required such
that the approximation is within € of the exact value, we plot the number of
terms M, for various scenarios in Figure 3.3. We again note that the number
of terms required are reasonably small unless the transmission probability of

some tier is extremely small.

3.5.2 System Model Validation

Comparison with the fully loaded system. After gaining insights
into the behavior of the coverage probability expression, we now use it to

highlight the importance of the proposed model by comparing the coverage

87



results of a single tier network with those of a fully loaded system in Figure 3.4.
Although a huge difference in the coverage guarantees was expected for very
low BS activity factors, it is indeed interesting that the coverage estimates
assuming full load are quite pessimistic even for reasonably high load scenarios,

such as p = .7 — .8.

Comparison with an actual 4G deployment. After highlighting
the importance of the proposed load model, we now validate the PPP model
in the context of the proposed load model. While this model seems sensible
for the small cells, especially the ones driven by unplanned user deployments,
such as femtocells, it is dubious for the centrally planned tiers such as macro-
cells. Therefore, with a special focus on the macrocells, we consider three
location models for a two tier HetNet: i) macrocell locations modeled as a
realization of a PPP, ii) macrocell locations modeled as a hexagonal grid, iii)
macrocell locations drawn from an actual 4G deployment over 40 x 40 Km?
area [1,5]. The second tier is modeled as a PPP in all three cases. Recall that
the same dataset of actual 4G deployment was also used for the model valida-
tion in Chapter 2. The numerically evaluated coverage probability results for
all these models along with the analytical results of the proposed load model
and the fully-loaded PPP model are presented in Figure 3.5. We first note
that the proposed PPP model is about as accurate as the grid model when
compared to the actual 4G deployment, with the grid model providing an
upper bound and the PPP model providing a lower bound to the actual cov-

erage probability. This is consistent with the conclusions of [1] and Chapter 2,
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Figure 3.5: Comparison of P, in PPP and grid models with the actual BS
locations of macrocells. The second tier is modeled as PPP in all three cases
(K =2, Ay =2\, P =[1,0.01], L = 40 x 40 Km?, o = 3.8, p = [0.8,0.6],
Br=Pa=B).

which focus on fully-loaded cellular models in single tier and multi tier cellu-
lar networks, respectively. Second, we note that the analytical results derived
for the proposed load model are accurate down to about —2dB even though
they were derived under the assumption that the target SIR is greater than
0dB for all the tiers. Since this covers most of the cell edge users as well, the
proposed analytical results are reasonably accurate in the operational regime
of the current cellular networks. Third, we note that the fully-loaded model

provides a very loose lower bound to the actual coverage probability, thereby

highlighting again the importance of the proposed load model.
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Comparison with a detailed simulation. The following two as-
sumptions were made to facilitate analysis: i) the activity factors are the same
for all the BSs of a particular tier, and ii) the activity of each BS is indepen-
dent of the other BSs. We now validate these assumptions by comparing the
analytical results with a detailed system simulation. For this comparison, we
consider a simulation setup consisting of a two tier HetNet, with the BSs of
each tier modeled by independent PPPs. The user locations are also modeled
by an independent PPP with density \,. As in the proposed model, each
user is associated with the BS that provides the best received signal strength.
From this, we calculate the actual load being served by each BS in terms of
the number of users, which we denote by NNV, for a BS located at x;. Assuming
the number of orthogonal resource blocks, e.g., time-frequency resource blocks
in LTE [75], to be M, the activity factor of a BS in each resource block can
be expressed as p,, = N,,/M as discussed in Section 3.3. To keep the setup
simple, we consider the regime where the probability of having N, > M for
any BS is small and whenever it happens, the activity factor for that BS is
assumed to be 1. For this setup, the coverage probability results are presented

in Figure 3.6.

For a meaningful comparison of this simulation result with the analyt-
ical results, we first need to find analytical expressions of the activity factors
p; as a function of the user density A,. For this, we leverage Corollary 2 of

Chapter 2, where it is shown that the fraction of users served by j* tier is
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Figure 3.6: Comparison of the derived theoretical results with detailed system
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regions (K = 2, P = [1,01], 51 = 52 = OdB, )\1 = )\2, MRB = 20, o = 38)

given by

Nj _ /\j (ﬂ/ﬁ])a . (359)

K N (BB

Using this result, the average number of users served by a j tier BS (average

load) is %Nj. Therefore, assuming M resource blocks, the activity factor in

a randomly chosen resource block is

LAY M (BBY)F
MoA MyTE X (BB

We use this analytical result for the the load factors in the coverage probability
results derived in the chapter to plot the analytical results as a function of the

user density in Figure 3.6. Comparing this result with the numerical result
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Figure 3.7: Coverage probability in a two tier network as a function of A,
(B=[1,1], P=11,.01], Ay =1, p; = .6 and a = 3.8).
obtained form a detailed simulation, we note that the two are reasonably close,

especially relative to the previously known results for the fully-loaded system.

This validates the two assumptions mentioned in the starting of this discussion.

3.5.3 Scale Invariance and Effect of Adding Small Cells

We now consider a two tier system and plot the coverage probability
as a function of the density of second tier for various BS activity factors in
Figure 3.7. The target SIR is fixed to be the same for both the tiers. We
first note that the network is invariant to the changes in density when p; = p
as discussed in the last section. More importantly, we note that the coverage

probability increases with Ay when the second tier BSs are less active than the
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Figure 3.8: Coverage probability in a two tier network as a function of the
fraction of the second tier BSs in open access (5 = [1,1], P = [1,.01], /\gc) =
10A;, p1 = 1 and a = 3.8). The density of second tier BSs in open access

)\(20) = %/\gc), where f is the fraction of BSs in open access.

first tier. This is an important result from the perspective of small cells, which
are generally less active than macrocell BSs. Therefore, the coverage proba-
bility of the network should increase with the addition of small cells in this
regime. This is a strong rebuttal to the viewpoint that unplanned infrastruc-
ture might bring down a cellular network due to increased interference. On the
other hand, if a tier of BSs is added which is more active than the macrocells,
the coverage would decrease, although this case seems pretty unlikely given

the high load handled by the macrocells.
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3.5.4 Open vs Closed Access

So far in this section we have only studied open access networks, where
a mobile user can access any BS in the network. We now study the effect of
closed access on the coverage probability, with a focus on a particular scenario
of interest where a certain fraction of BSs of a particular tier are in closed access
while the others are in open access. This scenario is especially important in the
current HetNets, where the access permissions of a particular small cell might
be different for different set of users. It is easy to argue that this scenario can
be visualized as a special case of the general model developed in this chapter.
To understand this, assume that a fraction f of BSs of a certain tier are in
open access — we assume that a BS is in open or closed access independent of
the other BSs. Therefore, the density of BSs in open access )\50) and closed

access )\EC) can be evaluated from the following two equations

A
= @ (3.61)
A= A2 Al (3.62)

Now this tier can be divided into two tiers, one with density )\Eo), which is in
open access, and other with density /\EC), which is in closed access — both form

independent PPPs.

To study this scenario in detail, we consider a two tier HetNet, where
the first tier is in open access and fraction 1 — f of BSs of the second tier is
in closed access. For this scenario, the coverage probability as a function of

f is presented in Figure 3.8 for various load scenarios. The results confirm
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the intuition that the gap in open and closed access results reduces when the
value of f is increased. More interestingly, the gap is smaller when the second
tier BSs are lightly loaded. This implies that the effect of interference due
to closed access small cells on coverage probability is negligible if there are

enough small cells in open access.

3.6 Summary

In this chapter, we have incorporated a flexible notion of BS load in
the baseline HetNet model developed in the previous chapter by introducing
a new idea of conditionally thinning the interference field, conditional on the
connection of a typical mobile to its serving BS. We have shown that this
conditional thinning is a natural way of modeling different levels of load on
different types of BSs arising mainly from the differences in their coverage
footprints. We observe that the fully loaded models are extremely pessimistic
in terms of coverage, and the analysis shows that adding lightly loaded access
points (e.g. pico or femtocells) to the macrocell network always increases
coverage probability. In Apendix B, we show that the same idea of conditional
thinning can also be used to study non-uniform user distributions, e.g., in the
current capacity centric deployments, where the users are more likely to lie

closer to the BSs.
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Chapter 4

Downlink MIMO HetNets: Modeling,
Ordering Results and Performance Analysis

As discussed in Chapter 1, handling current data deluge requires much
higher data rates than contemporary cellular networks were designed for. Two
strategies that stand out to provide such spectral efficiencies are: i) deploy low
power nodes to reduce frequency reuse distance, and ii) equip base stations
(BSs) with multiple antennas to enable the use of multiple antenna techniques,
such as beamforming and SDMA. Multiple antenna techniques are already
relatively mature, being part of multiple wireless standards such as ITEEE
802.11e WiMAX and 3GPP LTE-A [12], apart from plethora of theoretical
research activities in academia [13]. Similarly, the concept of deploying low
power nodes (HetNet), discussed in Chapters 2 and 3, has been researched both
in industry and academia for a fairly long time, see for example [36,86] and
the references therein. The standardization activities for HetNets have also
started in 3GPP release 10 [14]. These activities clearly indicate that multi-
antenna techniques and HetNets will coexist and complement each other in
the future wireless networks and should not be studied in isolation, as has
been typically done in the literature, including all the extensions of Chapter 2

and 3, see [87] for a survey. In this chapter, we address this problem and
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develop a general tractable model and the corresponding analytical tools for
multi-antenna HetNets using techniques from stochastic orders and stochastic

geometry.

4.1 Related Work and Motivation

As discussed in Chapter 2, a more natural approach to model HetNets
is by using random spatial models, where the locations of the BSs are assumed
to form a realization of a two-dimensional point process, the simplest being
the Poisson Point Process (PPP) [1,5]. This model has the advantages of be-
ing scalable to multiple classes of overlaid BSs and accurate to model location
randomness, especially that of the small cells. As demonstrated in Chap-
ters 2 and 3, powerful tools from stochastic geometry can be used to derive
performance results for general multi-tier networks in closed form, which was
not even possible for single-tier networks using deterministic grid model [5].
While sufficient progress has been made in modeling single-antenna (SISO)
HetNets [5,49,51,56], the efforts to understand multi-antenna HetNets have

just begun, e.g., see [88].

The main challenge in modeling multi-antenna HetNets is the num-
ber of possible multi-antenna techniques to choose from in each tier along
with their tractable characterization. As a result, most prior works on multi-
antenna HetNets have focused only on two-tier networks. For this chapter, the
most relevant one is [89], where SU-BF was shown to achieve better coverage

than multiuser linear beamforming on the downlink of femtocell-aided cellular
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network assuming perfect channel state information (CSI). Random orthogo-
nal beamforming with max-rate scheduling and coordinated beamforming for
femtocell underlay networks was analyzed in [90], [91], respectively. The effect
of channel uncertainty on linear beamforming in two-tier networks was inves-
tigated in [92]. In addition to the contributions in cellular networks, there has
been extensive work on analyzing multi-antenna techniques in wireless ad hoc
networks, which is also related to our work since several tools and techniques
developed therein can be employed and extended to HetNets. Several single-
user MIMO techniques, such as spatial diversity, open loop transmission and
spatial multiplexing, have been studied, see for instance [93-95]. The per-
formance of multiuser MIMO communication in a Poisson field of interferers,
with perfect and quantized CSI at the transmitter was investigated in [96] and

[97], respectively.

4.2 Contributions and Outcomes

Downlink model for multi-antenna HetNets. In Section 4.3, we
develop a comprehensive downlink model consisting of K tiers or classes of BSs,
such as macrocells, femtocells, picocells and distributed antennas. The BSs
across tiers differ in terms of transmit power, deployment density, target SIR,
number of transmit antennas, number of users served in each resource block,
and the type of multi-antenna transmission. We also consider the possibility
of closed subscriber group or closed access in which a typical user is granted

access to only a few BSs, while the rest purely act as interferers.
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Ordering results for coverage and rate. For general system mod-
els, such as the one considered in this chapter, it is not always possible to
express key performance metrics such as coverage probability and per user
rate in closed form. In the absence of simple analytical expressions, it is diffi-
cult to compare different transmission techniques in general HetNet settings.
To facilitate this comparison, in Section 4.4 we derive ordering results for both
the coverage probability and the rate per user in both open and closed access
networks, using tools from stochastic orders. Interested readers can refer to
[98-101] for applications of stochastic orders to conventional wireless networks.
While circumventing the need for deriving coverage and rate expressions, this
analysis leads to several system design guidelines, e.g., it concretely demon-
strates the superiority of serving a single user in each resource block, either by
SISO or SU-BF, as opposed to serving multiple users by SDMA, both in terms
of coverage and rate, under a per user power constraint. The BS locations
for this analysis may be drawn from any general stationary point process, not
necessarily independent across tiers, which is a significant generalization of the

baseline HetNet model presented in Chapter 2.

Area spectral efficiency comparison. While comparison of differ-
ent configurations of multi-antenna HetNets in terms of coverage probability
and average rate per user is conclusive from the ordering results, it does not
directly capture the fact that some transmission techniques serve more users
than the others and hence provide higher sum data rate. In order to cap-

ture this effect, in Section 4.5 we additionally consider ASE, which gives the
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number of bits transmitted per unit area per unit time per unit bandwidth.
To facilitate the comparison of transmission techniques in terms of ASE, we
first derive an upper bound on the coverage probability of a typical user in
both open and closed access networks assuming that the BS locations for each
tier are drawn from independent PPPs and show that it can be reduced to a
closed form expression for the “full” SDMA case (where the number of users
served is equal to the number of antennas). The tightness of the bound is
studied and it is shown that the closed form bound derived for full SDMA is
tight down to very low target SIRs. Using this expression and the SISO Het-
Net coverage probability results derived in Chapter 2, we derive ASE results
for various transmission techniques in closed form. Main consequences of this
analysis are: i) for the same density of BSs, SISO HetNets have lower ASE
than SDMA since they serve fewer users. Interestingly, despite serving fewer
users, SU-BF outperforms SDMA in moderate and high target SIR regime,
and ii) when the BS densities are adjusted such that all the transmission tech-
niques serve the same density of users, the ASEs of SU-BF, SISO and SDMA
follow the same ordering as that of coverage probability and average rate per

user.

4.3 System Model
4.3.1 System Setup and BS Location Model

We consider K different classes or tiers of BSs, indexed by the set

X = {1,2,...,K}. The BSs across tiers differ in terms of their transmit
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Table 4.1: Notation Summary

Notation Description
Dy A point process modeling the locations of k" tier BSs
P, An independent PPP modeling user locations
P M\ Downlink transmit power to each user; deployment density of
the k' tier BSs
M., W, Number of transmit antennas; number of users served in each
resource block by a k" tier BS
P Channel power of the direct link from a k' tier BS located at
x to a typical user, hy, ~ ['(Ag, 1) with Ay = M — ¥y + 1
Gy Channel power of the interfering link from a j tier BS
located at y to a typical user, g;, ~ I'(,, 1)
K {xr} {1,2,..., K};{xk,, Tk, 41, - - - Tiy }, Where the values of ky and
ko will be clear from the context
B B C K denotes the set of open access tiers
P.; Bk Coverage probability (in terms of SIR); target SIR for k" tier
Re; Ok, T} Rate coverage; fraction of resources allocated to each user
served by k" tier; k' tier target rate
n Area spectral efficiency
Zk,m Zk,m = Xl/XQ, where X1 ~ F(k, 1) and X2 ~ F(m, 1)
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power P, with which they transmit to each user, deployment density A\, target
SIR [, number of antennas M} and number of users served by each BS in a
given resource block ¥, < My, Vk € K. While in open access networks a
mobile user can connect to any BS, in closed access networks the access is
restricted to B C K tiers. For the ordering part (Section 4.4), the locations
of BSs of each tier are drawn from a general stationary point process ®;. The
point processes ¢, are not necessarily independent. Please note that this is a
significant generalization of the baseline HetNet model proposed in Chapter 2,
which assumed each tier to be sampled from an independent PPP. This is
enabled by the fact that the ordering results are based on the ordering of the
fading components of the channel power distributions for various setups and
do not depend upon the spatial point process governing the locations of the
BSs. However, we do require further assumptions for the ASE comparison,
which involves the derivation of explicit expressions for coverage probabilities.
Therefore, for the ASE analysis we will consider the more familiar independent
PPP model, which was the focus of Chapters 2 and 3, where each tier of BSs

is modeled by an independent homogeneous PPP of density Ag.

Nevertheless, this is a fairly general model that captures the current
deployment trends in 4G networks, e.g., it is easy to imagine hundreds of
femtocells coexisting in each macrocell, transmitting at orders of magnitude
lower power than macrocells, having relatively small number of antennas due
to smaller form factor, serving smaller number of users due to smaller coverage

footprints and providing restricted access to their own users due to a smaller
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backhaul capacity or privacy concerns. A two-tier illustration of the proposed
system model is shown in Figure 4.1, where a high power macro tier with
four transmit antennas per BS coexists with a low power pico tier with two
antennas per BS. Owing to its bigger coverage footprint, each macro BS serves
higher load than its pico counterpart as discussed in Chapter 3. The coverage
region of each BS in this illustration corresponds to the region where it provides
the maximum average received power, thereby leading to a weighted Voronoi

tessellation as discussed in detail in Chapter 2.

We model the user locations by an independent PPP &, and focus
on the downlink analysis performed at a single-antenna user located at the
origin. This analysis at the origin is facilitated by Slivnyak’s theorem, which
states that the properties observed at a typical point of ®, are the same as
those observed by the point at origin in the point process @, U {0} [69]. For
the interference, we consider full-buffer model where the interfering BSs are
assumed to be always transmitting [1,5]. More sophisticated load models [102]
along with non-uniform user distributions [103] can also be considered, e.g.,

using ideas from Chapter 3, but are out of the scope of this chapter.

4.3.2 Channel Model

Before going into the technical details, it is important to understand
that the channel power distribution of the link from a multi-antenna BS to
a typical single-antenna user depends upon the transmission technique and

whether it is a serving BS or an interferer. For example, if it is a serving BS,
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Figure 4.1: An illustration of a possible two-tier multi antenna HetNet con-
figuration, with four antenna macro BSs serving two users and two antenna
pico BSs serving one user each. The circles, triangles and rectangles represent
macro BSs, pico BSs, and mobile users, respectively.

it may precode its signals for a typical user depending upon the transmission
technique, which may lead to a different channel distribution from the case
when it simply acts as an interferer. Therefore, to develop a general framework
in which the BSs across tiers may differ in terms of the number of transmit
antennas and the transmission technique, we assume that the channel power
for the direct link from a k' tier BS located at z;, € R? to a typical user
located at origin is denoted by hy,, and for the interfering link from a j™ tier
BS located at y € R? is denoted by g;,. In this chapter, we assume perfect
CSI and focus on zero-forcing precoding, under which for Rayleigh fading it
can be argued that the channel power distributions of both the direct and the

interfering links follow the Gamma distribution [104]. As discussed in detail in
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Appendix C.1, it can therefore be shown that for zero forcing hy, ~ ['(Ag, 1)
and gj, ~ I'(¥;,1), where Ay = M), — ¥, +1. Note that for SISO transmission
there is no precoding and hence the channel gains hy, and g, from a BS to
a typical user are the same. Under Rayleigh fading assumption, both follow

exp(1) distribution, which is the same as I'(1, 1) distribution.

Although for brevity we limit our discussion to Rayleigh fading chan-
nels, other fading distributions under which the channel power for both the
desired and the interfering links follow Gamma distribution after precoding,
e.g., Nakagami-m, can also be studied using the proposed techniques. The
shape and the scale parameters for the Gamma distributions corresponding to
the channel powers of the desired and interfering links can be derived using
techniques well known in the literature, e.g., see [105]. For concreteness, we

will focus on the following three transmission techniques in this chapter:

e SDMA: In this case, a k" tier BS with M}, antennas serves W, > 1 users
in each resource block. When ¥, = M, we term it as full SDMA, for which
A, = 1.

e SU-BF: In this case, a k" tier BS serves W), = 1 users in each resource

block.

e SISO: Baseline single-antenna case [5], where each BS serves one user in

each resource block.

For each transmission technique, the received power at a typical single-
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antenna user located at origin from the BS located at x; € &y, is
Py = Pihpa, ||zl 7, (4.1)

where « is the path loss exponent, because we assume a per user power con-
straint in this formulation. The received SIR can now be expressed as

Pihiga ||zl
Zjeﬂ( Zy@bj\mk Pigjyllyll—

For notational simplicity, we assume that the thermal noise is negligible as

SIR(z;) = (4.2)

compared to the self interference and is hence ignored. This is justified in the
current wireless networks, which are typically interference limited [83]. As will
be evident from our analysis, thermal noise can be included in the proposed
framework with little extra work. For cell association, we assume that the set
of candidate serving BSs is the collection of the BSs that provide the strongest
instantaneous received power from each tier to which a typical mobile is allowed
to connect. A typical user is said to be in coverage if the received SIR from
one of these candidate serving BSs is more than the respective target SIR, as
discussed in detail in the next section. We conclude this section with a note
that although we consider perfect CSI, it is possible to relax this assumption to
study the effect of imperfect CSI on the performance of multi-antenna HetNets,

as discussed below.

Remark 3 (Imperfect CSI). Using tools from [97, 106, 107], it is possible to
derive the received channel power and interference statistics for both SU-BF
and SDMA under quantized channel directional information (CDI). In particu-

lar, in a system where each user reports CDI using B feedback bits, the desired
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channel gain is exponentially distributed for both SU-BF and SDMA. How-
ever, in the latter case, the inter-user interference is not completely eliminated
due to zero-forcing beamforming using imperfect CSI. Therefore, an additional
interference term, independent of the multi-tier interference, appears in the
denominator of (4.2), which is distributed as T'(Vy, ) with § = 2"V under

quantization cell approximation [97].

4.4 Ordering Results for Coverage and Rate

This is the first main technical section of this chapter, where we com-
pare the performance of various transmission techniques in terms of coverage
probability and rate per user. We first study coverage probability in detail
and then show that the analysis can be easily extended to study rate per user.

We begin by formally defining the coverage probability.

Definition 2 (Coverage probability). A typical user in an open access network
is said to be in coverage if its downlink SIR from at least one of the BSs is

higher than the corresponding target. This can be mathematically expressed as:
P.=P ( max SIR(xy) > Bk) : (4.3)
e T €Dy

The coverage probability can be equivalently defined as the average area in cov-
erage or the average fraction of users in coverage. For closed access networks,
the definition remains the same, except that the union is now over the set of

tiers B C K to which a typical user is allowed to connect.
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Remark 4 (Open access vs. closed access coverage). The coverage probability
in open access networks is always higher than in closed access networks. It
follows directly by definition of coverage probability along with the fact that for
BcCcX

rLED rred
Bkk Kkk

1 ( max SIR(zy) > Bk> <1 ( max SIR(zy) > ﬁk) ) (4.4)
k ke

where the indicator function 1(€) is 1 when event € holds and 0 otherwise.

Owing to the complexity of the system model considered in this chap-
ter, it is not always possible to express coverage probability in simple closed
form for any general system configuration, especially when the BS locations
are drawn from a general point process. As evident from our analysis in the
next section, this presents the first main challenge in comparing various trans-
mission techniques. In this section, we take a slightly different view of this
problem and focus on “ordering” the relative performance of different system
configurations using tools from stochastic orders. Interested readers can refer
to [108] for details on stochastic orders. It is important to note that stochastic
orders operate on random variables, as opposed to related majorization theory,

which defines partial order on deterministic vectors [109].

This powerful approach allows insights into the relative performance
of different transmission techniques, while circumventing the need to evaluate
complicated expressions for the performance metrics such as coverage and rate.

We begin by defining first order stochastic dominance as follows.
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Definition 3 (First order stochastic dominance). For any two random vari-

ables (rvs) Zy and Zy, Zy (first order) stochastically dominates Zs if and only
if
P[Z, > 2] > P[Zy > 2], V=. (4.5)

Equivalently, Z, is greater than Zs in the usual stochastic order and is denoted

by Zy >4 Zo.

Therefore, Z; >4 Z5 if and only if the complementary cumulative dis-
tribution function (CCDF) of Z; dominates that of Z, over the whole range.
It is intuitively clear and will be made precise later in this section that the
proper understanding of the ordering of received SIR for different system con-
figurations plays a central role in studying their coverage and rate ordering.
The main technical idea behind the proposed ordering approach is to condi-
tion on the distribution of the BS locations and then order the received SIRs
for different transmission techniques by ordering the fading components of the
channel powers of both the desired and the interfering links. This idea of order-
ing the channel power distributions has been previously used in the literature
to compare the performance of wireless links in terms of signal-to-noise-ratio
(SNR) and related metrics such as ergodic capacity and error rates for different
modulation schemes, e.g., see [98] and references therein. However, to the best
of our understanding, this approach has never been used for SIR ordering in

the context of HetNets. Now note that the received SIR can be alternatively
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expressed as

Py ||z~
ZjEJC Zye@j\azk Pigiy/ P |yl ’

where the randomness due to propagation channel is lumped into ratios of

SIR(I’k) =

(4.6)

Gamma random variables hy,, and gj,. Therefore, it turns out that it is
important first to understand the ordering of the ratios of Gamma random

variables, which is studied next.

4.4.1 Ordering of the Ratios of Gamma Random Variables

For concreteness, define the ratio of two random variables X; ~ I'(k, 1)
and Xy ~ I'(m,1) by Zy,, = X1/Xs. It is easy to derive the cumulative

distribution function (CDF) of Zj ,, using basic algebraic manipulations and

is given by
k—1 . -
1 I'(m+1) 2"
F =1- -, 4.7
Zk,m(z) F(m) ZX_; F(l + Z) (Z + 1)m+z ( )

Note that the ratios of Gamma random variables are known in much more
general settings, e.g., [110] studies the distribution of the ratio of the powers
of two possibly dependent random variables where both come from Gamma
family, but these generalizations are not required in this chapter. The form of
the distribution function (4.7) is such that for a given kj,m; and ks, mo, it is
not easy to derive conditions on these variables under which the CCDF of one
ratio Z,, dominates that of the other over the whole range of z. Therefore,
the above result is of little help in providing direct ordering of two random

variables Zj, n, and Zj, ,»,. We take an indirect route, which uses the following
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technical result about the equivalence in distribution of the Gamma random
variable and the sum of i.i.d. exponentially distributed random variables.
Given this technical result, the main result can then be proved using coupling
arguments. We first state the equivalence result, which is well-known and can
be easily verified using characteristic functions. We then remark on how to
use coupling arguments to establish stochastic dominance before stating the

main result.

Lemma 7. For i.i.d {X;}, with X; ~ exp(l), the random variable X =
S X is X ~T(k,1).

Remark 5 (Using coupling to establish stochastic dominance). One way to
prove Zy > Za s to find two random variables Z7 and Z5 with the same
distributions as Zy and Zy, respectively, such that it is always the case that
Z{ > Z3. This approach of using the same source of randomness to gener-
ate two random variables Z7 and Z3 satisfying the above relation and thereby

establishing the stochastic dominance result is termed as coupling [111].

We now prove the following result on the ordering of the ratios of the

Gamma random variables.

Lemma 8 (Ordering of the ratios of Gamma 1rvs). A random variable Zy, ,
defined as the ratio of two Gamma random variables (first order) stochastically

dominates Ly, m, if k1 > ko and my < ma.
Proof. Using the equivalence in distribution of the Gamma random variable
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and the sum of exponential random variables given by Lemma 7, we can gen-

erate a random variable Z; =~ with the same distribution as Zj, », as follows

ZYU

A = 4.8
k1,m1 ZJ: YVQ,J ( )

where {Y,,,,} is the set of i.i.d. random variables such that Y,,, ~ exp(1).
This equivalent representation will facilitate the use of standard coupling argu-

ments, under which the goal now is to generate another random variable Z;, -

with the same sources of randomness as that of Z; which has the same

k1,m1>

distribution as Zj, ,, and show that Z} >z

Ly kg Under the condition

k1 > ko, this can be achieved by expressing Z,jhml as follows
Z* _ Z’ILC }/1 K + ZZ k2+1
o S Vi

z mgz,lm ® .
z Yoi T YT Yo, e

(4.9)

(4.10)

where (a) follows from the condition m; < mg, and (b) from Lemma 7. This

completes the proof. O

Remark 6. The set of conditions k1 > ko and m; < moy is stronger than the
single condition ki/my > ko/ms, which first comes to mind from the equiva-
lence of Gamma random variables and the sum of exponential random vari-
ables stated in Lemma 7. In fact it is easy to argue that the above stochas-
tic dominance is not always true if the only condition on the wvariables is
ki/my > ko/ms. For instance, consider a case where ko > ki and my > my

such that ky/my > ko/mo. The distribution of Zy, ., is concentrated around
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Figure 4.2: The CCDF's of the ratios of Gamma random variables for different
shape parameters k and m.

its mean and cannot be dominated by the distribution of Zy, m, due to signif-
icant difference in their shapes. This is illustrated in Figure 4.2, where the
ratio of Gamma random variables with shape parameters k1 = 4 and my = 2

does not dominate the one with ky = 100 and mo = 100 due to concentration,

although ky/mq > ky/mqy holds.

To prove the main ordering results of this section, we need to extend the
stochastic dominance result of two random variables to multi-variate function
of random variables. The result is given in the following Lemma and follows

directly from the coupling arguments [111].
Lemma 9. If X; >4 Y, for all 1 <1 <n, then

Elg(X1, Xo, ..., X,)] > Elg(Yi,Ya,....Y,)], (4.11)
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for all multi-variate functions g that are non-decreasing in each component.

4.4.2 Coverage Probability Ordering

Using Lemma 9, we now derive the following general result on the
coverage probability ordering in K-tier open access multi-antenna HetNets.
As evident from the analysis and remarked later in this section, all the results
and insights carry over to closed access networks as well. Recall that the goal
of this analysis is to compare or “order” the performance of different systems
and not to obtain the exact expressions for the performance metrics in any

given system.

Theorem 5 (Coverage ordering in open access networks). The coverage prob-
ability of a K-tier open access HetNet with system parameters {Ag} and {¥y}
is higher than or equal to the one with system parameters {A}} and {V} if
Ap > A and Wy < U for k € K.

Proof. By definition, the coverage probability for open access networks can be

expressed as

Pl || k||~
P, — E1 max k > Bk (412)
U s pg ol
JEK ye®j\zy
Pyl|ze|~
— E1 max > 06, (4.13)
U i s 7

JjeEX ye@j \lek
where with slight abuse of notation (dropping the BS location from the sub-

script), Zj, = ¢jy/hks, 1s defined as the ratio of two Gamma random vari-
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ables corresponding to the K-tier HetNet with system parameters {A;} and
{U}.}. Denote the corresponding ratio for the other system setup by Z]’-k. By
Lemma 8, Z]’-/,c >a Zik if Wi > Wy, and A < Ay Now it is easy to show that

the indicator function in (4.13)

Pellzy| =
g({Zsxh) =1 max — > B |
J U a5 2.0
JEX yed;\zy

is an element wise decreasing function of Zj,. Therefore, by Lemma 9 the

result follows. W

Using this result, we can make some general comments about the cov-
erage probability in certain realistic deployments. We begin by studying the

effect of the number of users served in each tier on coverage probability.

Corollary 10 (Effect of number of users). For two different K -tier open access
HetNets, with the same number of antennas in each corresponding tier, the one
that serves less users in each tier than the other provides higher coverage due

to higher beamforming gain.

The proof of the above corollary directly follows from the fact that
under the same number of antennas for two setups, the one that serves less
users in each tier has A, > A} and W, < U} for each tier, leading to higher
coverage. An important extension of the above corollary is the comparison
of the SDMA with SU-BF systems when the number of transmit antennas in
each corresponding tier are the same. The result is stated as the following

corollary.
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Corollary 11 (SDMA vs. SU-BF). For two K-tier HetNets, with the same
number of antennas in each corresponding tier, one performing SU-BF in each
tier and the other performing SDMA, the coverage probability in the SU-BF

case will always be higher.

Another consequence of this general ordering result is the comparison of
SISO with SU-BF and SDMA, with the SDMA case specialized to full SDMA.
Recall that in case of full SDMA, A, =1 and ¥, = M,, for all the tiers. The

result is given in the following corollary.

Corollary 12 (SU-BF vs. SISO vs. full SDMA). For three K-tier HetNet
setups, one performing SU-BF in each tier, another doing SISO transmission
in each tier and the last one doing full SDMA in each tier, the coverage proba-
bility in case of SU-BF is higher than that of SISO, which in turn outperforms
full SDMA. The number of antennas in the corresponding tiers of SU-BF and
full SDMA HetNets need not be the same.

The proof follows from the fact that the shape parameters in case of
SU-BF are A, = M, and ¥V, = 1, where M, > 1 is the number of antennas;
in case of SISO are A} = ¥}, = 1; and in case of full SDMA are A} =1 and

VY = My, where M}, > 1 is the number of transmit antennas.

For closed access networks, it can be shown that the coverage ordering
result derived in Theorem 5 holds under a slightly weaker condition because
a typical mobile is not allowed to connect to all the tiers. The result is given

as the following Corollary of Theorem 5 and the proof is skipped. Due to the
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similarity of this result with the open access case, the insights gained for the

open access networks above carry over to the closed access networks as well.

Corollary 13 (Coverage ordering in closed access). For two HetNets, with
B C K open access tiers, the one with system parameters {Ay} and {¥y}
has a higher or equal coverage than the one with system parameters {A}} and

{UL} if Ay > A} for ke B and ¥y, < V) for k € K.

4.4.3 Ordering Result for Rate per User

Another metric of interest for the performance evaluation of HetNets
is the rate achievable per user. In addition to the link quality (characterized
in terms of SIR), it also depends upon the effective resources allocated to
each user. For tractability, we make following two assumptions on resource
allocation: i) each k' tier BS serves same number of users, and ii) each BS al-
locates equal time-frequency resources to all its users. For SDMA, it should be
noted that several users will be scheduled on the same time-frequency resource
block. Interested readers can refer to [112] for more details on the motivation
and validation of these assumptions. Under these assumptions, we denote the
effective time-frequency resources, e.g., bandwidth, allocated to a user served
by a k' tier BS by 0. The two assumptions on resource allocation ensure
that Oy is the same for all the users served by any k'" tier BS. Therefore, the
downlink rate of a typical user served by a k' tier BS located at z; € ®;, can

be expressed as

R(.’Bk) = O 10g2(1 + SIR(JZk)). (4.14)
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Due to the difficulties in modeling exact load on each BS [5], which often
requires characterization of the service areas for different types of BSs, it is
challenging to characterize Oy and hence derive exact expressions for per user
rate distribution [112]. However, we now show that to compare different multi-
antenna transmission techniques, this characterization is not required and the
general ordering result derived above for the coverage probability can be easily
extended for the rate per user as well. Before going into the technical details, it
is important to note that the loading across tiers may differ significantly due to
the orders of magnitude differences in their coverage footprints. Therefore, the
effective resources Oy available in small cells for each user might be significantly
higher than the macrocells. In such a case, it might be beneficial for a user to
connect to a small cell even though it may not provide the best SIR over the
network. We will capture this characteristic of HetNets in our definition of
rate distribution below. Due to the interpretation of a minimum rate required
by each application, e.g., video, we will study rate distribution in terms of
“rate coverage”, which is defined below. It is just the CCDF of rate when the

target rates are the same for all the tiers.

Definition 4 (Rate coverage). A typical user in an open access network is
said to be in rate coverage if its effective downlink rate from at least one of
the BSs in the network is higher than the corresponding target. We denote the

target rate for a k' tier BS as Tj,. Rate coverage can now be mathematically
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expressed as

zeDy

Re=P ( max Oy log,(1 + SIR(zy)) > Tk> . (4.15)

For closed access, the expression remains the same except that the union is

now over the set B C K.

It is easy to show that the rate coverage for open access networks is
always higher than the closed access networks. This follows from the same
arguments that were used in case of coverage probability earlier in this sec-
tion. We now state the main ordering result for rate coverage in the following

Theorem.

Theorem 6 (Ordering result for rate coverage). For two K-tier HetNets with
the same resource allocation per user Oy for each corresponding tier, the one
with system parameters {Ag} and {¥} has equal or higher rate coverage than
the one with system parameters {AL} and {V,.} if U, < V). for all k € K, and

Ap > A} for all k € X in open access and all k € B in closed access.

Proof. The rate coverage can be expressed as
R. = E1 <U max O log,(1 + SIR(zg)) > Tk.> (4.16)
ze€dy

where SIR(xy) can be expressed as

Pyl ||zl =

2. 2 Pigllyll—

JjeX yE‘bj\mk

SIR(zy) = (4.17)

119



Py ||~
- — (4.18)
> > PiZplyll

jeX ye‘bj\xk

where as in the proof of Theorem 5, we define Z;;, = g¢;,/hks, as the ratio
of the two Gamma random variables. Now note that the indicator function
inside the expectation of (4.16) is an element wise decreasing function of Z,

from which the result follows on the same lines as the proof of Theorem 5. [

Remark 7 (Same ordering for coverage and rate per user). From Theorems 5
and 6, we note that the ordering conditions for rate per user are the same as
that of coverage probability. Therefore, all the conclusions, including the order-
ing of SDMA, SU-BF and SISO transmission techniques, derived for coverage

probability carry over to the rate per user case as well.

Although it is clear from the above discussion that both SU-BF and
SISO outperform SDMA, both in terms of coverage probability and average
rate per user, it is important to note that we have not yet accounted for the
fact that SDMA serves more users than both SISO and SU-BF, and may result
in a higher sum-data rate. To address this, we compare the three transmission

techniques in terms of ASE in the next section.

4.5 Coverage Probability and ASE Performance

This is the second main technical section of the chapter where we derive
an upper bound on the coverage probability of a typical user in a K-tier Het-

Net, where the transmission techniques adopted by each tier are characterized
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in terms of the shape parameters Ay and ¥, of the Gamma rvs. Recall that the
coverage probability is formally defined in Definition 2. For this analysis, we
assume that BS locations of each tier are drawn from an independent PPP &,
with density A\g. Although this model is not as general as the one considered
in the previous section, it is likely accurate for modeling the opportunistic
deployment of small cells and has been validated for planned tiers, such as
single-antenna macrocells by empirical observations [82] and theoretical argu-
ments under sufficient channel randomness [113]. In this chapter, we validate
it in the context of coverage probability in MIMO HetNets by comparing it
with an actual 4G deployment and the popular grid model in the numerical

results section.

4.5.1 Upper Bound on Coverage Probability

Before deriving the upper bound, we first derive an expression for the
Laplace transform of interference. The result is given in Lemma 10. This
generalizes the Laplace transform of interference derived for K-tier SISO Het-
Nets with Rayleigh fading, i.e., exponential channel powers, in Theorem 1 of

Chapter 2.

Lemma 10. The Laplace transform of interference L;(s) = E [e*sq, where

I = Ejex Eyecbj Pigjyllyl|= is

L1(s) =exp (—si Z /\ij%C(oz, \IJ])> : (4.19)

jex
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where

v

:%ﬂ ( ) <\Ifj—m—i—§,m—%), (4.20)

m=1

and B(z,y) = fol t*=Y(1 — t)v=1dt is Euler’s Beta function.

Proof. The Laplace transform of interference £;(s) = Er,, [e=*1] can be de-

rived as follows:

@ [TE | e ot (4.22)

jeX y€<I>j

211 Es, | TT o (sPilIwl—) (4.23)

jeX yed;

9 [T exp

JjeX

o (P 017)) 0 (424)

& ( <1+sP|1|y||—a> ) (429)
dy>

()
(]

p< A”/ﬂ@ (L+ sBylly =)™ —
o[

(1+sP; uyu—a>
P a\m
y / S () (sPillyll =) dy) (27
]R2

(d)

(4.26)

=

I
x: x:: >e’:1

(1 +8P Hy||‘°‘)
25
2 (sa, Bjllyl—)™
_ Y < J) / ‘ dy (4.28)
Hj< 12 \m) o Tr s P %
2 \I/
=27\ (S @) rdr
G n PR CRL DI ) N areearss 7 (4.29)

<.
m
=
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@ exp <—s§k S AP Cla, \Ifj)) , (4.30)

jex
where (a) follows from the independence of the tiers, (b) follows from the
fact that channel powers are independent of the BS locations, (¢) follows
from PGFL of PPP [69], (d) follows from the Laplace transform of the g;, ~
I'(v;, 1), (e) follows from Binomial theorem, and (f) follows from converting to
Cartesian to polar coordinates, and (g) follows by substituting (1 +77%)"t —
t to convert the integral into Euler’s Beta function B(z,y) = fol 11—
t)v=tdt. O

Using this result, we now derive an upper bound on the coverage prob-

ability and the result is given in Theorem 7.

Theorem 7. The coverage probability of a typical user in a K -tier open access

HetNet is upper bounded by

Pe < ) ApAp, (4.31)
keX
where s,, = Bi|lxx||*Py ' and
A1y 5
Ai = ZO i / (=5,) mﬁllk(szk)dxk- (4.32)
= Z‘kERQ

The upper bound for closed access networks is the same except that the sum-

mation in (4.31) is over the set B instead of K.

Proof. We prove the result for open access networks and will highlight ex-

actly where the proof will differ for closed access networks. Starting with the

123



definition of the coverage probability:

P.=E |1 <U U SIR(zg) > Bk)] (4.33)
keX ey
E|> > 1(SIR(z) > ﬂk)] (4.34)
keX x ey
=D E| > 1 (Pehay il > ka)] : (4.35)

where (a) follows from the union bound and I, is the interference received by

the typical user when it is connected to the k" tier BS located at zy, i.e.,

=> Y Pyglyl™ (4.36)

JEX yed® \zk
Note that for closed access, the summation in (4.34) and (4.35) will be over
B instead of K. This is the only difference in the proofs of open and closed
access cases. Continuing with the proof of open access case, since the channel
power of the direct link is independent of everything else, we can take the

expectation w.r.t. hy,, inside (4.35) to write the coverage probability as

Pe <D E| D P(hiw, > Bila ] PY) | - (4.37)

keX x €Dy
Now we first evaluate the probability P(hy, > z) as follows

P(hyy > )_ C(A, 2 )@6*22?_

(A ) (4.38)

where (a) follows from hg, ~ I'(Ag, 1), and ['(Ay, 2) in the numerator is the

upper incomplete Gamma function given by I'(Ag, z) f ute~tdu, (b)

124



follows by specializing the expression of incomplete Gamma function for the
case when Ay is an integer. Now denote Si||zx[*P; " by s,, and substitute
(4.38) in (4.37) to get:

Ap—1

—Sg, Iy (Sxijk>l
P.<Y ED e ’“’“ZT (4.39)
keX zpedy =0
(a) N (5 day)’
& Z)‘k / EI%Q—MI% Z %dxk (4.40)
keX | Cpo i=0
An—1
“YuY 4 [ BLemnyn, @y
keX =0

:cke]RQ

where (a) follows from Campbell-Mecke Theorem [69]. Now note that if Ay
were 1, the expectation term is just Ly, (Sz,), i.e., the Laplace transform of
interference evaluated at s,,. For Ay > 1, we evaluate the expectation in

terms of the derivative of the Laplace transform as follows

Ep,, [e b (50,10 2 st L4t fr,, (£)}(50,) (4.42)

= <_Sxk>i5(j—;)i£‘hk (Sz1.), (4.43)

—
=

where (a) follows from the definition of the Laplace transform and (b) follows

from the identity ¢" f(t) «— (—1)”5(‘5873nﬁ{f(t)}(s). Substituting this in (4.43),
we can express the upper bound on coverage probability in terms of Laplace

transform of interference as follows

A1y

Pe< ) M Z / —54,) —)Lf% (S, )iz, (4.44)
keX =0 JZkER2 o
which completes the proof. [
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We note that the above upper bound involves a derivative of Laplace

transform, which makes its numerical evaluation difficult. However, it is possi-

ble to reduce the upper bound to a simple closed form for full SDMA and easy

to evaluate numerical expressions in the other cases. The simplified result is

given in the following Corollary.

Corollary 14. For Ay =1, A can be reduced to

2 2
A = TP B
2 )
> jes APy Cla, M)
andfor Ak >1 to
Ap—1 1 . )
A= il : —S, i,—Csg
k ;Z' Jilgal . gt / (—Sz,, )€ ok
x €R?
: -1 Je
1 =S
H ()7 ( Csz, H (a _ n)) .
/=1 ks

Proof. For Ay =1,

=
||

/ Lo, (Bellewl Pt day
L ER2

S / exp (—BkEkaHQP,;EG> dxy,

L ER2

—
=

(4.45)

(4.46)

(4.47)

(4.48)

where (a) follows from the Laplace transform expression derived in Lemma 10.

Recall that € =)

jeX

directly by converting the integral from Cartesian to polar coordinates.

NP7 C(a, ¥;). The closed form expression now follows

For A, > 1, using the Laplace transform expression and calculating its

derivative using Faa di Bruno’s formula for the composite function (fog)(s, ),

with f(sg,) = exp (s4,), and g(ss, ) = —Csg,, the result follows.
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We note that the upper bound is in closed form if A, = 1 for all tiers.
The result is given in the following corollary. Even for A, > 1, the upper
bound can be numerically computed fairly easily, especially for small values of

Ay.

Corollary 15. The coverage probability in a K-tier open access HetNet with
each k™ tier BS performing full SDMA to serve M, users, i.e., A, =1V k €
X, is given by

2 _2
Zkeﬂ( )‘kpka ﬁk B
5 .
Zgl‘(:l )\ija C(a7 Mj)

P. < (4.49)

For the closed access case, the summation in the numerator is over B instead

of K.

We now comment on the tightness of the coverage probability upper

bound in various regimes and for various transmission techniques.

4.5.2 Tightness of the Upper Bound

For conciseness, we will focus on the open access networks, with the
understanding that all the arguments remain the same for closed access case.
Since the bound is derived by using the union bound in (4.34), the tightness
depends upon the number of candidate BSs that provide SIR greater than the
target SIR. Denote this random variable by X ({Ag},{Vx}), which can be
expressed as

X({AehAY}) = Z Z 1 (SIR(w) > Bg) - (4.50)

keX xpedy
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The bound holds with equality if there is strictly one candidate serving BS
for a typical user, i.e., P(X({Ax}, {¥s}) > 1) = 0. This is the case in SISO
HetNets for £, > 1, VEk, as shown in Chapter 2. For any other general system
configuration, the tightness of the bound depends upon whether the proba-
bility P(X ({Ax}, {Vx}) > 1) is close to zero or not. In general, it is hard
to evaluate simple expressions for this probability. However, it is possible to
make a few simple observations about the expected tightness of the bound.
For instance, the bound gets tight with the increasing values of target SIRs
because X ({Ar}, {Vx}) is an element-wise decreasing function of 5. For fur-
ther insights, we derive the following ordering result for X ({Ax}, {¥x}). The

proof follows using Lemma 8 on the same lines as that of Theorem 5.
Theorem 8 (Ordering result for X). If Ay > A} and V), < V| V k, then

X({Ar},{Yy}) (first order) stochastically dominates X ({A}},{V}}), i.e.

P(X({Ax}{¥r}) > n) =2 P(X({AL} {P,}) > n),V n. (4.51)

Proof. Using the alternate expression of SIR given by (4.6), express X ({Ax}, {Ux})

in terms of the channel power gains as

Pellawll™
1 > 0Ok, (4.52)
Z Z (Z]Ej{ Zyeéj\azk P]Z]kHyH*Ol

keX iEkeq)k

where Zj;, = gj,/hia, is the ratio of the two Gamma random variables. For
another system with 27, = AT Z it Ap > Ay and Wy < W
which follows from Lemma 8. The result now follows on the same lines as the
proof of Theorem 5 using Lemma 9 along with the fact that X ({Ax}, {Ux})

is an element-wise non-increasing function of Zj. O]
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Remark 8 (Tight Bound in case of SDMA). One of the useful consequences
of Theorem 8 is the prediction of the tightness of the upper bound for SDMA.
One interpretation of the above result is that the bound gets tighter when all the
BSs serve more users, i.e., Ay decreases and Vi increases for all the tiers. A
limiting case is that of full SDMA, where the number of users served by each BS
15 equal to the number of its transmit antennas. Beyond this point, the bound
gets tighter with the addition of more transmit antennas keeping A, = 1. We
revisit these observations in the numerical results section and show that the
bound is in fact surprisingly tight even for two transmit antennas down to

very low target SIRs.

In the rest of this section, we will mainly focus on the full SDMA case.
Recall that in this case Ay = 1 and ¥; = M; and the coverage probability
upper bound is given by Corollary 15. As argued in Remark 8 and validated
in the numerical results section, the closed form upper bound is tight and can
be used as an approximation for the coverage probability. For simplicity we

will use equality instead of an approximation.

Remark 9 (Similarity with P, in SISO case). The coverage probability expres-
sion derived for full SDMA case in Corollary 15 has a striking similarity with

the coverage probability in the SISO case derived in Chapter 2. The only dif-

7T2 Ccsc 2r
ference is that the constant C(c, M;) in that case is simply C'(a) = 2ol )

«

To facilitate direct comparison of the full SDMA and the SISO cases,

we need to understand the relationship between C(«) and C(a, M). Let us
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take a closer look at the expression of C(a, M) given by (4.20). First note

that C'(a, M) is an increasing function of M. Now let us evaluate C(«, 1):

Cla,1) = %”B (2 1— 2) (4.53)
-7 (2)r(1-2) - e (s), (4.5

where the last step follows by Euler’s reflection formula. Hence C(a, 1) is the
same as C(«) derived for the SISO case in Chapter 2. From the monotonicity

of C(a, M) it follows that C(a, M) > C(a) VM > 1.

Remark 10 (Full SDMA vs. SISO coverage). Keeping all the system param-
eters the same, the full SDMA coverage is always lower than that of the SISO
case. This 1s consistent with the coverage probability ordering results derived

in the previous section.

Remark 11 (Scale invariance in open access HetNets). The full SDMA cov-
erage probability is invariant to the density of the BSs, number of tiers and
the transmit powers when the target SIRs and the number of transmit antennas
are the same for all the tiers in open access HetNets. The coverage probability
in this case is given by P, = Wﬁ_g. This result is again similar to the
SISO result where the coverage probability reduces to P, = ﬁﬁ’%. The scale

invariance result does not hold for closed access HetNets.

4.5.3 Area Spectral Efficiency

Although the comparison of various system configurations and trans-

mission techniques is quite conclusive in terms of coverage probability and the
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rate per user, it does not directly account for the fact that some techniques,
such as SDMA | serve higher number of users than the others, such as SU-BF,
and may result in higher sum data rate. To account for this fact, we consider
ASE, which gives the number of bits transmitted per unit area per unit time
per unit bandwidth. For a multi-tier setup, it can be formally defined as

n= Z WAy logy(1 + B )P™, (4.55)

keX

(k) is the per tier coverage probability, i.e., coverage probability con-

where P,
ditional on the serving BS being in the &** tier. Since the derivations of per
tier coverage probabilities are out of the scope of this chapter, for analytical
comparisons we limit our discussion to the cases where P.*) = P_ for all tiers.
This is guaranteed for the SISO case when the target SIRs are the same for
all tiers and for SDMA when additionally the number of antennas per BS are
also the same for all tiers. Recall that the coverage probabilities under these
assumptions are scale invariant, as discussed in Remark 11. The ASE under
these assumptions can be expressed as

n=Pclogy(1+8) > Uik (4.56)

keX

We first compare the ASE of the full SDMA and the SISO cases below. The
ASE for full SDMA case is

T 2
- M—— _f3al 1 § A 4.
77M C(Oé, M)/B OgQ( + 5) = k> ( 57)
and for the SISO case is
T 2
S——— 1 E ) 4.
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The ratio of the ASEs can be expressed as

v _ MC(a)
—_— = 4.59
UE C(a> M) ( )
Using the fact that
im COM pi o), (4.60)

M—oo )=

the ratio of the ASEs can be approximated as

Ny Ml_%C’(a) 2 1—2
— ——=I0'(1+— | M« 4.61
ns w1 —2/a) 3 ’ (461)

which shows that the ratio grows with the number of antennas when o > 2.
In the next section we will validate this observation and show that the ASE
in case of full SDMA is always higher than the SISO case. As shown by us

in [114], the approximation is surprisingly tight even for small M.

Another relevant comparison is that of full SDMA and SISO transmis-
sions when both the systems are serving the same density of users. To facilitate
this comparison, the densities of BSs for SDMA case will be lower than the
SISO case by a factor of M. This comparison will provide insights into whether
it is beneficial in terms of ASE to deploy A BSs per unit area with M antennas
or M\ single-antenna BSs per unit area. In that case, the ratio of the ASEs

can be approximated as

2
M 1 (1 + —) M4, (4.62)
UE; e

which shows that the ratio decreases sublinearly with the number of antennas

when o > 2. We will validate this observation in the next section and show

that the ASE in SISO case is higher than that of the full SDMA case.
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So far, we have focused only on the comparison between full SDMA
and SISO cases, mainly because the coverage probability expressions for these
cases are known in closed form. Since the coverage probability upper bound
for SU-BF cannot be reduced to closed form and moreover the tightness of the
bound is questionable, we cannot perform similar comparisons with SU-BF
unless we derive a simple coverage probability expression, which is out of the
scope of this chapter. Having said that, it is possible to compare the three
cases in the very low target SIR regime. Note that this case is of practical
relevance since current wireless standards support communication down to
very low SIRs, which is about —6 dB for 3GPP LTE [115]. The result is given

in the following proposition.

Proposition 4 (ASE comparison for vanishingly small SIR targets). For the
same infrastructure, i.e., the densities of BSs, the ASEs of SU-BF and SISO
are the same and of full SDMA is higher than the both when B — 0 for all k.

Proof. The proof follows from the fact that coverage probability is an element
wise decreasing function of {f3;} and approaches 1 when g, — 0 for all k.

Therefore, the ASE for this regime is

n=> Wi;logy(1+ B), (4.63)

keX
from which the result follows by the fact that ¥, = M > 1 for all £ for full

SDMA and ¥, =1 for all k for both SU-BF and SISO cases. ]

We will revisit this result along with the ASE comparison in the mod-

erate and high target SIR regimes in the next section.
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Figure 4.3: Coverage probability for three different models for macrocells. The
second tier is PPP in all the cases. (K = 2, P = [1,.01], A2 = 21, = 3.8).
The number of antennas in case of multi-antenna tiers is M = 4.

4.6 Numerical Results

Since there is a slight difference in the simulation of the proposed multi-
antenna model and the ones proposed in for the SISO HetNets in the previous
chapters, we will briefly summarize the simulation procedure before explaining
the results. Choose a sufficiently large window and simulate the locations of
different classes of BSs as realizations of independent PPPs of given densi-
ties. Associate two independent marks h, and g, with each BS. Assuming the
typical user lies at the origin, calculate the desired signal strength from each
BS using the sequence of marks {hy,} and the interference power using the

sequence {gx.}. Calculate the received SIR from each BS. The user is now
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Figure 4.4: Coverage probability of a two-tier HetNet when both tiers perform
full SDMA (K = Q,P = [1, 01], M1 = MQ = M, )\2 = 2/\1,51 = 62,(1/ = 38)

said to be in coverage if the received SIR from at least one of the BSs belong-
ing to the permissible tiers is more than the corresponding target. Repeating
this procedure sufficient number of times, we have an estimate of the coverage
probability. Using this procedure, we first validate the location model and
establish the tightness of the upper bound for SDMA in the following subsec-
tion. Note that since we are focusing on the interference limited regime in this

chapter, the absolute values of transmit powers and deployment densities are

irrelevant. The results only depend on their respective ratios.
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4.6.1 Model validation and tightness of the upper bound on P,

Recall that while the PPP model is sensible for small cells, especially the
ones deployed without planning, such as femtocells, it is dubious for centrally
planned tiers, such as macrocells. Therefore, to validate the proposed location
model for MIMO HetNets, we consider following three setups for a two-tier
HetNet with a special focus on macrocells: i) the macrocells are modeled
by a hexagonal grid, ii) the macrocell locations are drawn from an actual
4G deployment over 40 x 40 km? area [1, 5], iii) the macrocell locations are
drawn from an independent PPP, as in the proposed model. The second tier
is modeled as a PPP in all three cases. Note that the actual BS locations
used in this comparison can be accurately modeled as a Strauss process, as
shown in [82]. Recall that the same dataset of the actual BS locations was
also used in Chapters 2 and 3 for model validation. For each of these three
location models, we further consider three setups: i) both tiers have 4 transmit
antennas per BS and perform SU-BF, i.e. My = 4,V = 1 for all £, ii) both
tiers have a single transmit antenna per BS and perform SISO transmission,
ie. My =1,, =1 for all k, and iii) both tiers have 4 transmit antennas per
BS and perform full SDMA, i.e., My = 4, ¥, = 4 for all k. The simulation
procedure remains the same as described above for the PPP model, except
of course that the macrocell locations are appropriately drawn from either a
PPP, grid or actual location data for each setup. From the numerical results
presented in Figure 4.3, we note that in all three setups, the proposed model

provides a lower bound on the coverage probability of an actual 4G deployment
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and is about as accurate as the grid model, which provides an upper bound.
These observations are consistent with those of Chapter 2 for SISO HetNets.
In the rest of this section, we will focus solely on the proposed model, i.e., each

tier is modeled as an independent PPP.

After validating the location model, we numerically evaluate the cov-
erage probability of a two-tier HetNet in full SDMA case and compare the
results with the upper bound derived in Corollary 15 in Figure 4.4. As stated
in Remark 8, the bound is tight down to very low target SIRs. Even for M = 2,
the bound is tight down to about —4 dB. A slight gap, although negligible,
at moderate to high target SIRs is due to the border effects in simulation,
also observed earlier in Chapter 2. In particular, the simulation is performed
over a finite window whereas the analysis assumes BSs over an infinite plane.
Nevertheless, this validates our assumption of considering the upper bound
as an approximation of the coverage probability in case of full SDMA in the

previous section.

4.6.2 Effect of adding additional tier on coverage probability

We study the effect of adding a second tier on the coverage probability
of a cellular network in Figures 4.5 and 4.6, where both the first and the second
tier can be one of the three possible types: i) SISO, ii) full SDMA, iii) SU-BF.
In Figure 4.5, we assume that both tiers are in open access. The result shows
that the case where both tiers perform SU-BF results in the highest coverage,

whereas the case where both tiers perform full SDMA leads to the lowest
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Figure 4.5: Comparison of the coverage probability in a two-tier HetNet for
various combinations of multi-antenna techniques (K = 2, P = [1,.01], \y =

2\1, B1 = B2, = 3.8). The number of antennas in case of multi-antenna tiers
is M =4.

coverage. This is because SU-BF case has an additional beamforming gain; in
addition to the proximity gain enjoyed by the SISO case. These observations
are consistent with the coverage ordering results derived in Section 4.4. In
Figure 4.6, we study the effect of adding a second tier that is in closed access,
i.e., a typical user cannot connect to the second tier BSs. The performance
of various transmission techniques is in the same order as for the open access
case studied in Figure 4.5. Interestingly, the coverage probability of a typical
user is the same irrespective of whether the new closed access tier is doing
SISO transmission or SU-BF. This is due to the fact that the channel power

distribution of the interfering links in both the cases is I'(1, 1), i.e., exp(1).
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Figure 4.6: Comparison of the coverage probability in a two-tier HetNet where
the second tier is in closed access (K = 2, P = [1,.01],\y = 2\, f1 = fo, 0 =
3.8). The number of antennas in case of multi-antenna tiers is M = 4.

4.6.3 Area spectral efficiency

We compare the ASEs of SU-BF, SISO, and full SDMA transmission
techniques in a 2-tier HetNet in Figure 4.7. Both tiers are assumed to follow
the same transmission technique and the ASE result for SU-BF is computed
numerically by computing the per tier coverage probability. For comparison,
we consider two cases, one in which the density of the BSs in the three setups
remain the same, and the other in which the densities are adjusted such that
the density of users served in the three cases is the same. In the first case,
SU-BF, which always outperforms SISO, even outperforms full SDMA in the
high target SIR regime despite serving smaller number of users. The trends

in the low target SIR regime are consistent with Proposition 4. In the second
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Figure 4.7: Comparison of the ASE in a two-tier HetNet (K = 2,P =
[1,.01], Ay = 2\, 51 = B2, = 3.8). The number of antennas in case of
multi-antenna tiers is M = 4. Full SDMA corresponds to ¥ = M.

case, where the density of the users is the same in all the cases, the ordering
of the three transmission techniques in terms of ASE is the same as that of

coverage and rate per user.

4.6.4 Effect of having a fraction of BSs in closed access

Before concluding this section, it is important to recall that under PPP
assumption, the proposed model is applicable even if a given fraction of BSs
of a particular tier independently operates in open or closed access. In such a
case, we can divide the original tier into two tiers with appropriate densities,
which is enabled by the fact that independently thinning a PPP leads to two

independent PPPs. For example, for a two-tier HetNet where all the BSs of the
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first tier and the fraction 0 < 6 < 1 of the second tier operate in open access
while the rest in closed access, the second tier can be divided into two tiers
modeled as independent PPPs &,y (open access tier) and ®y2) (closed access
tier) with densities Aya) = Oy and Ay@2) = (1 — 0)Ay, respectively. There-
fore, the original two-tier network can be reduced to an equivalent three tier
network, where two tiers are in open access and one is in closed access. The
numerical results for such a scenario are presented in Figure 4.8 for various
combinations of target SIRs. Note that the coverage probability of a typi-
cal user under all considered transmission schemes increases linearly with the
fraction of open access BSs 6. Secondly, the loss in coverage probability with

decreasing 6 is higher when the target SIR for the closed access BSs is lower

141



than that of the first tier open access BSs. Similarly, the loss is lower when
the target SIR for the closed access BSs is higher than the first tier BSs. This
is because when the target SIR for the second tier is lower than the first tier,
the second tier BSs would have contributed more to the coverage probability
had they been in open access than the case when their target SIR is higher

than the first tier BSs.

4.7 Summary

In this chapter, we have generalized the baseline HetNet model pro-
posed in Chapter 2 to multi-antenna HetNets. For any given BS distribution,
we derived ordering results for coverage probability and per user rate to com-
pare different transmission techniques, such as SDMA, SU-BF and baseline
SISO transmission. In addition to significantly generalizing the state-of-the-
art PPP based random spatial models for cellular networks, this approach
circumvents the need for deriving explicit expressions for coverage and rate,
which may not reduce to simple closed forms in all the cases. One interpre-
tation of our results is that for a given total number of transmit antennas, it
is preferable to spread them across many single-antenna BSs vs. fewer multi-
antenna BSs, both in terms of coverage and rate per user. We also showed
that SU-BF provides higher coverage and rate per user than both SISO and
SDMA due to an additional beamforming gain. To account for the fact that
certain transmission techniques, such as SDMA, serve more users and may

provide higher sum-rate, we derived an upper bound on the coverage proba-
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bility assuming an independent PPP model for BS locations and used it to

compare different transmission techniques in terms of ASE.

143



Chapter 5

Downlink Rate Distribution in HetNets under
Generalized Cell Selection

The channel randomness consists of two main effects that operate on
two significantly different time scales: 1) shadowing, which changes over a much
longer time scale and may impact cell selection decisions, and ii) fading, which
changes over a much smaller time scale and may not impact cell selection. In
all the previous chapters, the channel randomness was modeled as a single
random variable, which could not capture these two effects separately. In
this chapter, we address this shortcoming by generalizing the channel and cell
selection models to incorporate both the long-term shadowing and small-scale
fading effects. For this generalized cell selection model, we characterize the
downlink rate distribution at a typical user accounting for the load on the

serving base station (BS).

5.1 Related Work

Despite the success of random spatial models for HetNets, there remain
several shortcomings that need to be addressed for realistic performance as-

sessment. One of them is the simplistic set of assumptions for channel and
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cell selection models. With a key exception of [116], prior work including the
previous chapters of this dissertation either ignores the impact of shadowing
on cell selection and assumes that a UE always connects to one of the closet
BSs of each tier [49,117], or lumps all the channel randomness into a single
random variable and assumes that cell selection is based on the maximum
instantaneous received power [5,118]. Due to these simplifications, neither
of these models is able to capture the fact that the long-term effects such as
distance-based path loss and shadowing impact cell selection, while small-scale

fading does not. This generalization is the main focus of this chapter.

5.2 Contribution

Although this chapter is in the same spirit as [116], the main fo-
cus of [116] is on the downlink signal-to-interference-plus-noise ratio (SINR),
whereas we focus on the downlink data rate that additionally depends upon
the load on each BS class. For instance, to maximize downlink rate, it may be
preferable to connect to small cells even when they offer poor SINR in some
cases, because owing to their smaller load they can more than compensate
by offering a large percentage of time-frequency resources to each UE. Lever-
aging the same general idea of propagation (process) invariance, as discussed
in [116,119], we show that in addition to the SINR distribution, the service
area approximations resulting from multiplicatively weighted Poisson Voronoi
tessellation, and hence the load on each BS class [112], can be easily extended

to the general cell selection model introduced in this chapter.
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Our analysis concretely demonstrates that the effect of shadowing on
downlink rate and related metrics, such as rate optimal cell-selection bias, can
be equivalently captured by appropriately scaling the transmit powers of each
BS class and then simply selecting one of the BSs that are closest in each tier
for service. This insight immediately generalizes prior art on load balancing,
such as [112]. An interesting observation is that in certain regimes shadowing
naturally balances load across various tiers and hence reduces the need for

artificial cell selection bias.

5.3 System Model

Consider a K-tier HetNet with K classes of BSs, differing in terms
of the transmit power Py, deployment density A, and cell-selection bias By.
For notational simplicity, define X = {1,2,..., K}. The locations of the k'
tier BSs are modeled by an independent Poisson Point Process (PPP) ®; of
density Ag. Define ® = Upcqc®P. For resource allocation, consider orthogonal
partitioning of resources, e.g., time-frequency resource blocks in orthogonal
frequency division multiple access (OFDMA), where each resource block is
allocated to one UE, and hence there is no intra-cell interference. Modeling
UE locations by an independent PPP @, of density A,, the downlink analysis
is performed at a typical UE assumed to be located at the origin [70]. The
received power at a typical UE from a k'® tier BS located at z;, € ® in a

given resource block is

P(xr) = Pyl Xia, || 28] ™7, (5.1)
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where hy,, ~ exp(l) models Rayleigh fading, Xy, models shadowing, and
||xk||~ represents standard power-law path loss with exponent a. Note that
since hyg, and Xj,, are both independent of the location of the BS, we will
drop z from the subscript and denote the two random variables by h; and
X, whenever the location of the BS is clear form the context. In the same
spirit as [116,118], our analysis is capable of handling any general distribution
for Xj, as long as E [x,ﬂ < 00. The origins of this restriction will be discussed
later in this section. The most common assumption for large scale shadowing
distribution is lognormal, where X, = 107 such that X, ~ N(ug, 07), where
i and oy are respectively the mean and standard deviation in dB of the
shadowing channel power. Using the moment generating function (MGF) of

Gaussian distribution, the fractional moment is

2 m10m, 1 /In100;\>
E « — —_ J— —_— 2
[xk] eXp<5 a+2(5 a)) (5:2)

which is clearly finite if both the mean and standard deviation of the normal

random variable X are finite.

Since fading gain h, changes over much smaller time-scale, and in a
frequency selective channel (such as one using OFDM) can be averaged or
mitigated in the frequency domain, we assume that it does not impact cell
selection. Each UE connects to the BS that provides the highest long-term
biased received power, as explained below. Denote the location of the candidate

k™ tier serving BS by =}, i.e.,

x) = arg max P, ||x|| ™% (5.3)
zedy
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From these K candidate serving BSs, a typical UE connects to

" = arg m{ax} B P, || x| ™, (5.4)
xe{x}

k
where By > 0 is the selection bias introduced to expand the range of small
cells to balance load across the network [112]. The inclusion of shadowing in
cell selection is facilitated by displacement theorem [70], where the key insight

is to express the received power given by (5.1) as
_1
P(xy) = Prlig, || X0 2l ™%, (5.5)

where the long-term shadowing effects can be interpreted as a random dis-
placement of the location of the BS originally placed at z; € ®,. We make
this notion precise in the following Lemma. Also see [116,118] for the appli-
cation of this general idea to handle general shadowing or fading distributions

in slightly different setups.

Lemma 11. For a homogeneous PPP ®; C R? with density )\, if each point
_1
x € By, is transformed to y € R? such that y = X, “x, where {X;} are i.i.d.,
2
such that E [x,j] < 00, the new point process CID,(:) C R? defined by the trans-

2
formed points y is also a homogeneous PPP with density )\,(:’) = ME [x,j]

Proof. Let B(R?) be the Borel o-algebra on R%. For A € B(R?), the intensity
measure A(A) of a homogeneous PPP @ is Ax(A) = \g|A|, where | A| denotes
the Lebesgue measure of A. By displacement theorem [70, Theorem 1.3.9], the

transformation of a PPP &, with probability kernel p(x, A) is a PPP with
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intensity measure:
AP(A) = [ ple A)Ai(de) (5.6)
R
(@) —a
=E 1(X, “z € A)\pdz
R2
1
=E {/ 1 <£C € ADC,;’) /\kdx]
R2

= WAL [x¢ ],

(5.7)

where (a) follows by using the kernel specific to this Lemma. Since {X;} are

i.i.d. and independent of the location x, setting |A| = dy, we get
(5.8)

A (A (dy) = ME [ ] dy = A€
k( )( Z/) k k| Ay 4y

For a PPP, we need its intensity measure to be locally finite, which leads to
O

2
the condition )\,(f) = \E [DC,?] < 00.
An immediate consequence of this Lemma is the characterization of

2
received power in terms of the equivalent PPP CI>,(:‘) with density )x,(:) = MEXS.

_1
Defining yx = X%k, the received power can be equivalently expressed as
(5.9)

P(yr) = Prhpy, [lyrll ™,

using which the location of the candidate serving BS in k" tier can be equiv-

alently expressed as
Y, = arg max Plly|| ™. (5.10)
y€<1>§€e>
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Note that y; is simply the closest point to the origin of the equivalent point
process <I>,(€e). The location of the serving BS in the equivalent PPP &) =

Ukeg(q)](:) can be similarly expressed as
y* = arg max By Plly| ™. (5.11)
ye{yg}

For notational simplicity define s € R, such that s(k) € {0,1}, >, o s(k) =
1, and s(k) = 1(z* = z}) = 1(z* € &), which implies that the k" element
of s takes value 1 if the serving BS belongs to k'* tier. We ignore thermal
noise, i.e., network is interference-limited, and assume a full-buffer model for
the interfering BSs [5], i.e., all the interferers are always active. The signal-to-

interference ratio (SIR) at the typical UE when s(k) =1 is

PR X || 27|~
SIR(z") = - (5.12)
Zjex Zzecbj\{x*} Pihj. X ||z ]|~
4 Pohiy- [y~

— ::SIR(y*L
Zje% Zzeq>§_e>\{y*} P]hJZHZH

where d denotes equivalence in distribution, which follows from Lemma 11.
Due to this equivalence, the results based solely on SIR or SINR distributions,
such as coverage probability, derived under the assumption that a typical UE
always connects to one of the BSs that are closest in each tier, e.g., [49], can
be easily extended to the general selection model by considering equivalent
BS densities {A,(:)}. This has also been independently shown for coverage
probability in [116]. In the next section, we establish a similar equivalence for

downlink rate distribution, that additionally depends upon the BS load.
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5.4 Downlink Rate Distribution

In this section, we generalize the main premise of [112], and characterize
the downlink rate coverage under generalized cell-selection model introduced

in the previous section.

Definition 1 (Rate coverage). Rate coverage R. is the probability that the
downlink rate R achievable at a typical UE is higher than a predefined lowest
rate T required by a given application, i.e., Re = P(R > T'). Being the comple-
mentary cumulative distribution function (CCDF), R. completely characterizes

the rate distribution.

We term the serving BS z* € & of a typical UE as a “tagged” BS.
Denote the number of UEs served by the tagged BS by W, where subscript
k is for the tier to which this BS belongs. Clearly, ¥ is a random variable
with the following two sources of randomness: i) the area of the region that
the tagged BS serves, in short service area, and ii) conditioned on the area of
the service region, the number of UEs served by the tagged BS is a Poisson
random variable. For tractability, we assume that each BS allocates equal
time-frequency resources to its UEs, i.e., each UE gets rate proportional to
the spectral efficiency of its downlink channel from the serving BS. For total
effective bandwidth W Hz, the downlink rate in bits/sec of a typical UE when

it connects to a k" tier BS is

Ry = \IJK log, (1 + STR(z%)) (5.13)
k
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Note that SIR(z}) and Wy are in general correlated, e.g., when ||z} || is large, the
serving BS is far from the typical UE. This information skews the distribution
of the service area of the tagged BS, and hence of Wy, towards larger values.
However, characterizing the joint distribution of ¥, and SIR(z}) is out of the
scope of this chapter. For tractability, we assume the two random variables to
be independent, which does not compromise the accuracy of our analysis [112].

Under this assumption, the rate coverage R. is

R. =P[R > T (5.14)

ONTPIR > Tls(k) = 1P[s(k) = 1] (5.15)
keX

= Ey,P(Rp > T)P[s(k) = 1] (5.16)
keX

=Y Ey,P (sm 2h) > 2wV — 1) Pls(k) = 1] (5.17)
keX

O ZZ (STR(r}) > B) P(We=n) Ps(k)=1] . (5.18)
keX n=1 Conditional SIR distribution L?)gd Selection‘prrobability

where (a) follows from the total probability theorem, and (b) follows by defin-
ing 3, = 2w™ — 1 for notational simplicity. We now compute the three prob-

ability terms starting with the selection probability, which we denote by P.

Lemma 12 (Selection probability). The probability that a typical UE connects

to a k' tier BS is given by

S (5.19)
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Proof. The selection probability is
_ _ @ * % @ * %
Pr=P(s(k) = 1) = P(a" = z3) = P(y" = ), (5.20)

where {z}} in (a) is the set of candidate serving BSs in ®, {y;} in (b) is the set
of candidate serving BSs in ®©, and (b) additionally follows from Lemma 11.
Recall that the candidate serving BS y; is the closest point of the PPP <I>,(:)
to the origin, which reduces to the same setup as [49]. The rest of the proof
follows from the Lemma 1 of [49] using the fact that the density of <I>,(:) is
A = ME [z 0

We now derive the conditional SIR distribution, i.e., SIR distribution
conditioned on s(k) = 1. The proof follows directly from Theorem 1 of [49]
after invoking displacement theorem as was done for Lemma 12, and is hence

skipped.

Lemma 13 (Conditional SIR distribution). The conditional SIR distribution
18

27 22
ZJEfK A [qu} B Py

P(SIR(x}) > ) = % Bl = (5.21)
> e ME [x]} pr [B; + BT (6, a, B—)}
where
2Bza1 2 2
3:(67057'2):( 62 >2F1 |:171__7 __7_é:|7
oa—2 @ a2
and 2 Fi[a, b, ¢, 2] = b) fo i 1(11 ttz)c "L At denotes the Gauss hypergeomet-

ric function.
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For the distribution of load ¥y, we use the approximation proposed in
Lemma 3 of [112]. The main idea is to approximate the service area of a typical
k' tier BS by the area of a typical Poisson Voronoi with the same mean %’Z.
Now since a typical UE has a higher chance of selecting a BS with bigger service
area, the area of the tagged BS is biased towards being larger than a typical
BS of the same tier. This is similar to the waiting bus paradox associated with
Point processes in R. Accounting for this bias, the load distribution is given

below. The proof is the same as Lemma 3 of [112] with the understanding

that the effect of shadowing on cell selection is captured by Py.
Lemma 14 (Load on tagged BS). The distribution of the load served by x} is

3.5°°T(n+45) (APE\" (5 AP ~(n+4.5)

The mean load is E[Uy] =1 + 1.28%.

Substituting Lemmas 12, 13, and 14 in (5.18), we get a fairly simple

expression for rate coverage.

Theorem 9 (Rate coverage). The rate coverage is R, =

2 2 2
ME [:xk} Bi PeP(W, =n+1)

K
By B ] L A
e Z]GJ{ )\jE |::X:Ja:| Pja |:BJQ + Bé’ff (ﬁn+17 a, B_i)]

where Py is given by Lemma 12, P(¥), = n + 1) by Lemma 14, and recall that

6n+1 - 2%(%{—1) — 1.
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We will validate the load approximation and study the effect of shad-
owing on load balancing in the next section. This section is concluded with

the following remarks.

Remark 12 (Invariance). If the shadowing distribution is such that E [Xﬂ =
¢, for all k € K, the downlink rate distribution is invariant to the shadowing

distributions of all the tiers.

Remark 13 (Equivalent HetNet model). A HetNet model with k' tier trans-
mit power (E [X;])g Py, no shadowing, and cell selection based on aver-
age biased receive power with selection bias {By}, leads to the same expres-
sion for rate coverage as given by Theorem 9 for the generalized cell selection
model. Due to this equivalence, the key results derived under no shadowing,
e.g., in [49, 112], can be easily extended to the generalized cell selection model

by appropriately scaling the transmit powers.

5.5 Numerical Results

For numerical results, we consider a two tier HetNet, e.g., coexisting
macro and pico cells, and assume that the shadowing distribution for each tier
is log-normal with mean p; dB and standard deviation o dB. Throughout this
section, we assume o = 4, P, = P, — 23 dB, W = 10 MHz, and p = [0 0] dB.
We first validate the load distribution given by Lemma 14 in Figure 5.1. In
addition to the actual load under the generalized cell selection model, we also

plot the load offered to the tagged BS under an equivalent model suggested in
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Remark 13. We first note that the analytic approximation given by Lemma 14
is fairly accurate, which along with the fact that the other components of
rate expression, i.e., conditional SIR distribution and selection probability, are
exact, leads to a very tight approximation for rate distribution, as validated in
Figure 5.2. Comparing the rate distributions for two sub-figures of Figure 5.1,
we note that there is a natural balancing of load across tiers when E [DCQ% } >
E [DCIE ] compared to the baseline case of no shadowing, which by Remark 13 is
equivalent to the case when E [962%} =E [961%} , as in the first sub-figure. This
load balancing can be understood in terms of the equivalent model proposed in
Remark 13, i.e., in this case shadowing increases the effective transmit power
of small cells relative to the baseline and hence expands their coverage areas.
In Figure 5.2, we plot the rate coverage and the fifth percentile rate, i.e.,
the rate value such that 95% of the UEs achieve higher rate than this value.
Both these results are consistent with the load balancing observations made
in Figure 5.1, e.g., the optimal selection bias that maximizes fifth percentile
rate is smaller when E [DCQE } >E [Xl% } Due to a smaller artificial bias, this
case also achieves the highest rate. In Figure 5.2, we also validate the rate
expression by comparing it with the simulations and a special case in which
the load on a tagged BS is assumed to be deterministic and equal to its mean

E[W], given by Lemma 14.
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5.6 Summary

In this chapter, we have derived the downlink rate distribution under a
generalized cell-selection model, which explicitly differentiates between long-
term channel effects such as shadowing and path-loss, and small-scale effects
such as fading. This generalizes the channel and cell selection models of all the
previous chapters, where the channel randomness was captured using a single
random variable and cell selection was based on the maximum instantaneous
received signal strength. As an application of these results, we studied the
effect of shadowing on load balancing, and showed that in certain regimes
shadowing naturally balances load across various tiers and hence reduces the

need for artificial cell selection bias.
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Chapter 6

Fundamentals of HetNets with Energy
Harvesting

The possibility of having a self-powered base station (BS) is becoming
realistic due to several parallel trends. First, as discussed in Chapter 1, BSs are
being deployed ever-more densely and opportunistically to meet the increasing
capacity demand [30]. These new types of BSs (small cells) cover much smaller
areas and hence require significantly smaller transmit powers compared to the
conventional macrocells. Second, due to the increasingly bursty nature of traf-
fic, the loads on the BSs will experience massive variation in space and time,
as discussed in Chapter 3 [102]. In dense deployments, this means that many
BSs can, in principle, be turned OFF most of the time and only be requested
to wake up intermittently based on the traffic demand. Third, energy har-
vesting techniques, such as solar power, are becoming cost-effective compared
to the conventional sources [120]. This is partly due to the technological im-
provements and partly due to the market forces, such as increasing taxes on
conventional power sources, and subsidies and regulatory pressure for greener
techniques. Fourth, high-speed wireless backhaul is rapidly becoming a real-
ity for small cells, which eliminates the need for other wired connections [31].

Therefore, being able to avoid the constraint of requiring a wired power con-
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nection is even more attractive, since it would open up entire new categories

of low-cost “drop and play” deployments, especially of small cells.

6.1 Related Work and Motivation

The randomness in the energy availability at a transmitter demands
significant rethinking of conventional wireless communication systems. There
are three main directions taken in the literature to address this challenge,
which we order below in terms of complexity and realism. The first considers
a relatively simple setup consisting of single full-buffer isolated link, and study
optimal transmission strategies under a given energy arrival process [121-123].
The effect of data arrivals can be additionally incorporated by considering two
consecutive queues at the transmitter, one for the data and the other for the

energy arrivals [124,125].

Second, a natural extension of an isolated link, considers a broadcast
channel, where a single isolated transmitter serves multiple users. Again one
can assume full-buffer at the transmitter so that the transmission strategies
need to be adapted only to the energy arrival process, e.g., in [126]. More
realistically, one can relax the full-buffer assumption to explicitly consider
data arrivals as discussed above for the isolated link, and optimize various
metrics, e.g., minimize packet transmission delay [127], or maximize system

throughput [128].

The third and least investigated direction is to consider multiple self-

powered transmitters, which significantly generalizes the above two directions.
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Generally speaking, the main goal is to adapt transmission schemes based
on the energy and load variations across both time and space. While some
progress has been recently made in advancing the understanding of mobile
ad-hoc networks (MANETS) with self-powered nodes, see [129,130] and ref-
erences therein, our understanding of cellular networks in a similar setting is
severely limited. This is partly due to the fact that conventional cellular net-
works consisted of big macro BSs that required fairly high power, and it made
little sense to study them in the context of energy harvesting. As discussed
earlier, this is not the case with a HetNet, which may support “drop and play”
deployments, especially of small cells, in the future. Comprehensive modeling

and analysis of this setup is the main focus of this chapter.

To capture key characteristics of HetNets, such as heterogeneity in in-
frastructure, and increasing uncertainty in BS locations, we consider a general
K-tier cellular network with K different classes of BSs, where the BS loca-
tions of each tier are sampled from an independent Poisson Point Process
(PPP), as discussed in Chapter 2. This model was proposed for HetNets by
us in [5, 77], with various extensions and generalizations in [49,51,56]. The
model, although simple, has been validated as reasonable since then both by
empirical evidence [82] and theoretical arguments [113]. Due to its realism
and tractability, it has become an accepted model for HetNets, see [87] for a

detailed survey.
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6.2 Contributions

Tractable and general system model. We propose a general system
model consisting of K classes of self-powered BSs, which may differ in terms
of the transit power, deployment density, energy harvesting rate and energy
storage capacity. Due to the uncertainty in the energy availability, a BS may
need to be kept OFF and allowed to accumulate enough energy before it
starts serving its users again. In the meanwhile, its load is transferred to
the neighboring BSs that are ON. Thus, at any given time a BS can be in
either of the two operational states: ON or OFF. In this chapter, we focus
on uncoordinated operational strategies, where the operational state of each
BS is toggled independently of the other BSs. For tractability, we assume
that the network operates on two time scales: i) long time scale, over which
the decision to turn a BS ON or OFF is taken, and ii) short time scale, over
which the scheduling and cell selection decisions are taken. As discussed in
Section 6.4, this distinction facilitates analysis in two ways: a) it allows us to
assume that the operational states of the BSs are static over short time scale,
and b) it allows us to consider the average effects of cell selection over long

time scale.

Availability region. We show that the fraction of time a k' tier BS
can be kept in the ON state, termed the availability py, is a key metric for
self-powered cellular networks. Using tools from random walk theory, fixed
point analysis, and stochastic geometry, we characterize the set of K-tuples

(p1, p2, - - - px), termed the availability region, that are achievable with a set of
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general uncoordinated strategies. Our analysis involves modeling the temporal
dynamics of the energy level at each BS as a birth-death process, deriving
energy utilization rate for each class of BSs using stochastic geometry, and
using hitting/stopping time analysis for a Markov process to prove that there
exists a fundamental limit on the availabilities {px }, which cannot be surpassed
by any uncoordinated strategy. We also construct an achievable scheme that

achieves this upper limit on availability for each class of BSs.

Notion of “optimality” for self~-powered HetNets. The charac-
terization of exact availability region lends a natural notion of optimality to
self-powered HetNets under the assumptions of the proposed model. Our anal-
ysis concretely demonstrates that if the K-tuple (p1, po, . . ., px ) corresponding
to the optimal performance of the network, e.g., in terms of downlink rate, lies
in the availability region, the performance of the HetNet with energy harvest-
ing is the same as the one with reliable energy sources. Using recent results
for downlink rate distribution in HetNets [112,131], we also show that it is
not always optimal from downlink data rate perspective to operate the net-
work in the regime corresponding to the maximum availabilities, i.e., it may
be preferable to keep a certain fraction of BSs OFF despite having enough

energy.
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Table 6.1: Notation Summary

Notation Description
K Set of indices for BS tiers, i.e., X ={1,2,..., K}
D, Ay @ Independent PPP modeling locations of k' tier BSs, its
density; set of all BSs, i.e., ® = Ui Py
Dy Ay An independent PPP modeling user locations, density of
users
Wi Vi; Ni Energy harvesting rate, utilization rate, and energy
storage capacity of a k' tier BS
P R Availability of £ tier BSs; availability region

o A o

Independent PPP modeling the k™" tier BSs that are
available, its density )\,(qa) = ppAk; all available BSs, i.e.,
Ppl) — Ukexq);(f)

Py Downlink transmit power of a k' tier BS to each user in
each resource block
hi; Xi; Small scale fading gain hy ~ exp(1); large scale shadowing
gain (general distribution) from a k% tier BS; path loss
exponent
:cz(z), ) Candidate serving BS in <I>,(€a) for user at z € ®,,, serving
BS for z € ®,,
P.; Coverage probability; target SIR
Re; T Rate coverage; target rate
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6.3 System Model
6.3.1 System Setup and Key Assumptions

We consider a K-tier cellular network consisting of K different classes
of BSs. For notational simplicity, define X = {1,2,..., K}. As in Chapters 2
and 3, the locations of the BSs of the k' tier are modeled by an independent
PPP &, of density A\x. Each BS has an energy harvesting module and an
energy storage module, which is its sole source of energy. The BSs across
tiers may differ both in terms of how fast they harvest energy, i.e., the energy
harvesting rate p, joules/sec, and how much energy they can store, i.e., the
energy storage capacity (or battery capacity) Ny joules. We assume that the
normalization of u; and Ny is such that each user requires 1 joule of energy
per sec. This assumption can be easily relaxed to incorporate users requiring
more energy under sufficient randomization, but this case is not in the scope of
this chapter. For resource allocation, we assume an orthogonal partitioning of
resources, e.g., time-frequency resource blocks in orthogonal frequency division
multiple access (OFDMA), where each resource block is allocated to a single
user. Due to orthogonal resource allocation, there is no intra-cell interference.
Note that a user can be allocated multiple resource blocks as discussed in
detail in the sequel. We further assume that a k" tier BS transmits to each
user with a fixed power P, in each resource block, which may depend upon
the energy harvesting parameters, although we do not study this dependence

in this chapter. The target SIR  is the same for all the tiers.

The energy arrival process at a k' tier BS is modeled as a Poisson
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process with mean . Since most energy harvesting modules contain smaller
sub-modules, each harvesting energy independently, e.g., small solar cells in
a solar panel, the net energy harvested can be modeled as a Binomial pro-
cess, which approaches the Poisson process when the number of sub-modules
grow large. Interestingly, this model has been validated using empirical mea-
surements for a variety of energy harvesting modules [132]. Since the energy
arrivals are random and the energy storage capacities are finite, there is some
uncertainty associated with whether the BS has enough energy to serve users
at a particular time. Under such a constraint, it is required that some of the
BSs be kept OFF and allowed to recharge while their load is handled by the
neighboring BSs that are ON. Besides, as discussed in the sequel, it may also
be preferable to keep a BS OFF despite having enough energy. Therefore, a
BS can be in either of the two operational states: ON or OFF. The decision to
toggle the operational state from one to another is taken by the operational

strategies that can be broadly categorized into two classes.

Uncoordinated: In this class of strategies, the decision to toggle the
operational state, i.e., turn a BS ON or OFF, is taken by the BS independently
of the operational states of the other BSs. For example, a BS may decide to
turn OFF if its current energy level reaches below a certain predefined level
and turn back ON after harvesting enough energy. The BS may additionally
consider the time for which it is in the current state while making the decision.
For instance, a BS may start a timer whenever the state is toggled and may

decide to toggle it back when the timer expires or the energy level reaches a
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certain minimum value, whichever occurs first. This class will be the main

focus of this chapter.

Coordinated: In this class of strategies, the decision to toggle the
state of a particular BS is dependent upon the states of the other BSs. For
example, the BSs may be partitioned into small clusters where only a few BSs
in each cluster are turned ON. The decision may be taken by some central
entity based on the current load offered to the network. This is useful in the
cases where the load varies by orders of magnitude across time, e.g., due to
diurnal variation. A small fraction of BSs is enough to handle smaller load,
with the provision of turning more ON as the load gradually increases. In
addition to the load, other factors such as network topology and interference

among BSs may also affect the decision.

For tractability, we define the following two time scales over which the

network is assumed to operate.

Definition 2 (Time scales). The scheduling and cell association decisions are
assumed to be taken over a time scale that is of the order of the scheduling block
duration. We term this time scale as a short time scale. On the other hand,
the operational policies that toggle the operational state of a BS are assumed
to be defined on a much longer time scale. We will henceforth term this time

scale as a long time scale.

As discussed in the sequel, this distinction is the key to tractability

because of two reasons: i) it allows us to assume the energy states of the

168



BSs to be static over short time scales, and ii) it allows us to consider the
average effects of cell selection while determining the energy utilization rates
over long time scales. Due to uncertainty in the energy availability or due
to the optimality of a given performance metric, e.g., downlink rate, all the
BSs in the network may not always be available to serve users. This is made

precise by defining availability of a BS as follows.

Definition 3 (Availability). A BS is said to be available if it is in the ON
state as a part of the operational policy and has enough energy to serve at least
one user, i.e., has at least one unit of energy. The probability that a BS of tier
k is available is denoted by pi, which may be different for each tier of BSs due
to the differences in the capabilities of the energy harvesting modules and the
load served. For notational simplicity, we denote the set of availabilities for

the K tiers by {px}-

For uncoordinated strategies, it is reasonable to assume that the cur-
rent operational state (ON or OFF) of a BS is independent of the other BSs,
especially since the energy harvesting processes are assumed to be indepen-
dent across the BSs. The coupling in the transmission of various BSs that
arises due to interference and mobility is ignored. Under this independence
assumption, the set of ON BSs of the k" tier form a PPP <I>,(f) with density
)\,(ga) = Agpr. This results from the fact that the independent thinning of a
PPP leads to a PPP with appropriately scaled density [76]. As will be evident
from the availability analysis in the next section, this abstraction is the key

that makes this model tractable and leads to meaningful insights.
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6.3.2 Propagation and Cell Selection Models

For this discussion it is sufficient to consider only the BSs that are
available, i.e., the ones that are in the ON state. For notational ease, define
o) = UkGKCID,(Ca). The user locations are assumed to be drawn from an indepen-
dent PPP &, of density \,. More sophisticated non-uniform user distribution
models can also be considered, e.g., using tools from Chapter 3, but are not
in the scope of this chapter. The received power at a user located at z € &,

from a k" tier BS placed at z;, € <I>,(f) in a given resource block is

P(z,21) = Poh) X7 ||y, — 2|7, (6.1)

kxp,

where h,gzz)k ~ exp(1) models Rayleigh fading, f)C,(;)k models large scale shadow-
ing, and ||z — z||~* represents standard power-law path loss with exponent
«, for the wireless channel from x; € @,(Ca) to z € ®,,. Note that since h,(g'?k and
DC,E,ZQC)Ic are both independent of the locations x; and z, we will drop z; and z
from the subscript and superscript, respectively, and denote the two random

variables by h; and X, whenever the locations are clear from the context.

For cell selection, we assume that each user connects to the BS that
provides the highest long term received power, i.e., small scale fading gain h,(;)
does not affect cell selection. For a cleaner exposition, we denote the location

of the candidate k' tier serving BS for z € ®, by xz(z) € @,(Ca), which is

xz(z) = arg max Pkf)Cizk)Hx —z||™*. (6.2)

z€d);

A user z € &, now selects one of these K candidate serving BSs based on the

average received signal power, i.e., the location of the serving BS z**) € {$Z(z)}
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Figure 6.1: Birth-death process modeling the temporal dynamics of the energy
available at a k' tier BS.

1S

) = arg max, kang —z||7@. (6.3)

ze{z, "}

Owing to the displacement theorem for PPPs [70], any general distri-
bution of X; can be handled in the downlink analysis of a typical user as long
as E [Xé] < o0. This is formally discussed in detail in Chapter 5. Interested
readers can also refer to [116, 131] for relevant discussions. The most com-
mon assumption for large scale shadowing distribution is lognormal, where
X = 1076 such that Xy ~ N(mg,0?), where my, and oy are respectively the
mean and standard deviation in dB of the shadowing channel power. For

2
lognormal distribution, E [%g} = exp (h‘%% + 3 (%%’“)2), which can be
easily derived using moment generating function (MGF) of Gaussian distri-
bution [131]. The fractional moment is clearly finite if both the mean and

standard deviation of the normal random variable X, are finite. For this sys-

tem model, we now study the availabilities of different classes of BSs.

171



6.4 Availability Analysis

The first challenge in studying the model introduced in the previous
section lies in characterizing how the energy available at the BS changes over
time. Without loss of generality, we index the energy states of a k" tier BS as
0,1,..., N, and model the temporal dynamics as a continuous time Markov
chain (CTMC), in particular a birth-death process, as shown in Figure 6.1.
When the BS is ON, the energy increases according to the energy harvesting
rate and decreases at a rate that depends upon the number of users served
by that BS. When the BS is OFF, it does not serve any users and hence the
birth-death process reduces to a birth-only process. We now derive a closed
form expression for the rate v, at which the energy is utilized at a typical k*"

tier BS.

6.4.1 Modeling Energy Utilization Rate

Before modeling the energy utilization rate, there are two noteworthy
points. First, if a BS is not available, the load originating from its original
area of coverage is directed to the nearby BSs that are available, thus increas-
ing their effective load. Equivalently, the coverage areas of the BSs that are
available get expanded to cover for the BSs that are not available, as shown
in Figure 6.2. The second one is related to the control channel coverage and
given in the following remark. Recall that control channel coverage P. is the
probability that the received signal-to-interference-ratio (SIR) is greater than

the predefined minimum SIR needed to establish a connection with the BS.
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Thus the users that are not in control channel coverage cannot enter the net-
work and hence cannot access the data channels. Therefore, these users do

not account for any additional energy expenditure at the BS.

Remark 14 (Control channel coverage). The control channel coverage P is
independent of the densities of the BSs in an interference-limited network when
the target SIR is the same for all tiers [5, 49, 131]. While this result will be
familiar to those exposed to recent coverage probability analysis using stochastic
geometry, it is not directly required in this section except the interpretation
that the density of users effectively served by the network is independent of the
effective densities of the BSs and hence independent of {px}. We will validate

this claim in Section 6.4.5.

Assuming fixed energy expenditure for control signaling, only the users
that are in control channel coverage will result in additional energy expenditure
at the BS. As remarked above, the density of such users is P .\,. Each user is
assumed to require 1 joule of energy per sec such that the net energy utilization
process at each BS can be modeled as a Poisson process with mean defined by
the average number of users it serves. It should be noted that the assumption
of 1 joule energy requirement is without any loss of generality and is made to
simplify the notation. To find the average number of users served by a typical
BS of each class, we first need to define its service region whose statistics such
as its area will, in general, be different for different classes of BSs due to the
differences in the transmit powers as evident from Figure 6.2. The service

region can be formally defined as follows.
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Figure 6.2: Coverage regions for a two-tier energy harvesting cellular network
(averaged over shadowing). The unavailable BSs are denoted by hollow circles.
The thin lines form coverage regions for the baseline case assuming all the BSs
were available.

Definition 4 (Service region). The service region Ay(x),) C R? of the kth-tier
BS located at ), € @,(Ca) 18

Ar(zr) = {z € R?: x), = arg max ijg-z)Hx —z]| 79,

¥
ze{z;

where a:;(z) = arg max PJDCY)H:B — z||_a} . (6.4)

IECDJ

We now derive the average area of the service region of a typical BS of

each tier in the following Lemma.

Lemma 15 (Average area of the service region). The average area of the
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service region of a k' tier typical BS is given by
27 2
E|x;| P

EH‘AkH - % 2 2 -
ST

(6.5)

Proof. The proof follows from the definition of the service area using basic
ideas from Palm calculus. Denote by IP’I’§3>() and Eg%‘) [-], the conditional
(Palm) probability and conditional expectation, conditioned on x € (ID,(f).
Please refer to [69, 70, 133] for details on Palm calculus. Before we derive
the average area, note that for given realizations of the BS locations and the
channel gains, the area of the service region of the k" tier BS is

X Pl
Ap( 1 k> ] dz. .
)= [TL T (|xk—z||a—||x—z||a - 9

R2 €K ze0l

The average service area can now be expressed as

(a)

E[[Ax(zg)]] = EEZE@ [[Ag ()] (6.7)

= EE}, [4(0)]] £ EE 0 [ 0)], (6.8)

where (a) follows by distributing the expectation over the point process <I>,(€a)

and the rest of the randomness, (b) follows from the stationarity of the homo-
geneous PPP, and (c¢) follows from Slivnyak’s theorem [69]. Substituting the
expression for |Ax(0)] in (6.8) and distributing the expectation across various
random quantities, we can express the average area as E[|Ag(zg)|] =

P, P
B, [ TIE H Ex,1 (Hk:\)rcf e —xéua) 4z (6.9)

R2 JjeX (a)
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where the expectations over point processes <I>§»a) and shadowing gains X; can
be moved inside respective product terms due to independence, and superscript

on DC,(CZ) and DC;Z) are removed for notational simplicity. The expectation over
(a)

point process @~ can be evaluated using the probability generating functional

(PGFL) [69], which simplifies the average area expression to

P Xy

H o PitNiEx; Jr2 1<W<W>dmdz. (6.10)

R2 jeX

Ex

k

Solving the integral in the exponential, we get

2
2PjE [qu}
Exk/HeXP —piNTlz||F——=—= | dz, (6.11)
R2 JjeX Pk ,I?

which can be equivalently expressed as

2
Z jcX PJE [fx]a}
Ex, /exp W N i dz, (6.12)
R2 kal?

from which the result follows by solving the integral and taking expectation

with respect to X. O]

Using the expression for average area, the average number of users
served by a typical BS of k' tier, equivalently the energy utilization rate, is

now given by the following corollary.

Corollary 16 (Energy utilization rate). The energy utilization rate, i.e., the
number of units of energy required per second, at a typical BS of k' tier is
given by

P E [x,f] o

S e (5] 77

v = P AE[Ag]] = (6.13)
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where recall that P, denotes the coverage probability, which is independent
of the availabilities and will be calculated later in this section and is given

by (6.50).

Remark 15 (Invariance to shadowing distribution). From (6.13), note that

the energy utilization rate vy is invariant to the shadowing distribution of all
2 2

the tiers if E [DC]"] =E [DC,;‘“}, for all 3,k € K. For lognormal shadowing, this

corresponds to the case when m; = my, and o; = oy, for all j,k € X.

It should be noted that the availabilities of various tiers are still un-
known and even if all the system parameters are given, it is still not possible
to determine the energy utilization rate from the above expression. This will
lead to fixed point expressions in terms of availabilities, which is the main
focus of the rest of this section. It is also worth mentioning that the energy
utilization rate derived above is just for the service of the active users. There
are some other components of energy usage, e.g., control channel signaling and
backhaul that are not modeled. While we can incorporate their effect in the
current model by assuming fixed energy expenditure and deducting it directly
from the energy arrival rate, a more formal treatment of these components is

left for future work.

6.4.2 Availabilities for a Simple Operational Strategy

After deriving the energy utilization rate in Corollary 16 and recalling
that the energy harvesting rate is ux, we can, in principle, derive BS availabili-

ties for a variety of uncoordinated operational strategies. We begin by looking
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at a very simple strategy in which a BS is said to be available when it is not
in energy state 0, i.e., it has at least one unit of energy. As shown later in this
section, this strategy is of fundamental importance in characterizing the avail-
ability region for the set of general uncoordinated strategies. The availability
of a k' tier BS under this strategy can be derived directly from the stationary

distribution of the birth-death process as

2
. s Z],l piNE {XJ?"]PJ
o o [i] 77
Pk = 1-— oL =1-
Ni+1 27 2\ N+l

1 - <l/ ) Nkz;ilpJAJE{x]a}P]a
i 1 - 2 2
P E {DC,S]PICQ

(6.14)

Interestingly we get a set of K fixed point equations in terms of avail-
abilities, one for each tier. Clearly pr = 0, V k£ € X, is a trivial solution for
this set of fixed point equations. However, this means that none of the BSs
is available for service, which physically means that the users are in “outage”
if there is no other, in particular positive, solution for the set of fixed point
equations. We will formalize this notion of outage, resulting from energy un-
availability, later in this section. Due to the form of these equations, it is not
possible to derive closed form expressions for the positive solution(s) of {py}.
However, it is possible to establish a necessary and sufficient condition for the
existence and uniqueness of a non-trivial positive solution. Before establishing
this result, we show that the function of {p,} on the right hand side of (6.14)

satisfies certain key properties. For notational simplicity, we call this function
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corresponding to k' tier as g, : RX — R, using which the set of fixed point

equations given by (6.14) can be expressed in vector form as

P1 gl(p17p27"'apK)

P2 92(p17p27"'7pK) —

. - : = ‘:‘(p17p2a cee 7pK)7 (615)
PK gK(p17p27-'-7pK>

where we further define function = : RX — R¥ for simplicity of notation. Our
first goal is to study the properties of function g, : RX — R, which can be

rewritten as
K
=3, a;
N
K
1— (Zj:l %‘%‘)

where x € RE, N > 1, and a;, € R, for all ¥ € K. The relevant properties are

gr(x) =1— : (6.16)

summarized in the following Lemma.

Lemma 16 (Properties). The function gi(x) : RX — R defined by (6.16)

satisfies following properties for all ar, > 0, k € K:

1. gr(x) is an element-wise increasing function of x.

2. gr(x) is concave, i.e., it is a concave function of xy € R for all k € K.

Proof. Since both the properties (monotonicity and concavity) are element-
wise properties, it is enough to consider the given function as a function of
single variable x € R. After dropping the subscript k£ and with slight over-

loading of notation, we denote this function as ¢ : R — R, which is
1—b—ax
=1-|— 1
9(z) (1 —(b+ ax)N> ’ (6.17)
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where b € R, is a constant when we study element-wise properties. We now
do the following substitution = + g — 2, which just shifts the function along
x-axis and hence neither impacts the monotonicity nor concavity of g(x). The

simplified expression is

gla)=1— (11__(—;;%) . (6.18)

Note that although both the numerator and denominator of the second term
in the above expression go to 0 as x — %, it is easy to show that the function

is continuous at this point and the limit is

) N -1
xh_rg g(x) = — (6.19)

To prove that the function is monotonically increasing, it is enough to show
that the partial derivative with respect to x is positive. The partial derivative

can be expressed as

a

g(x) = (ELIE (N =1)(az)" +1— N(az)"), (6.20)

It is easy to show that the term inside the bracket is positive except at x = é,
where it has a minima and takes value 0. Further, using L’Hopital’s rule it is

straightforward to show

>0, (6.21)

which completes the proof for the monotonicity property. To show that the
function is concave, we need to show that the double derivative with respect
to x is negative, which is

q'(z) = —a2]\/(c13c)N’2—<1 i(_aszv)s X
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<(N —1)(1 = (az)¥H) az(N+1)(1 - (ax)N1)> ’ (6.22)

1 —azx 1—ax
where the term inside the bracket is positive except at = = %, where it has a

minima and takes value 0. As in the case of the first derivative, it is easy to

show using L’Hopital’s rule that the limit at this point is

N2 —1
li " — _ 2
lim ¢ (#) = —a"—

<0, (6.23)
which shows that the function is strictly concave for all x € R. This completes

the proof. O

Lemma 16 can be easily extended to the function = : RX — RX to
show that it is also a monotonically increasing and concave function. The
conditions for existence and uniqueness of the fixed point for such functions can
be characterized by specializing Tarski’s theorem [134] for concave functions.
The result is stated below. To the best of the knowledge of the authors, it first
appeared in [135, Theorem 3]. Since the proof is given in [135], it is skipped

here.

Theorem 10 (Fixed point for increasing concave functions). Suppose = :
R™ — R™ is an increasing and strictly concave function satisfying the following

two properties:

1. Z(0) > 0, Z(a) > a for some a € R,

2. 2(b) < b for some b > a.
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Then = has a unique positive fized point.

Before deriving the main result about the existence and uniqueness of
positive solution for the set of fixed point equations (6.14), for cleaner expo-
sition we state the following intermediate result that establishes equivalence

between an energy conservation principle and a key set of conditions.

Lemma 17 (Equivalence). For p, > 0,Vk, the following sets of conditions are

equivalent, i.e., (6.24) < (6.25)

2 2
o]
= > 1VkeX (6.24)
pRPAE X7 | P
K
> At > AP, (6.25)
k=1

where (6.25) is simply the energy conservation principle, i.e., the net energy
harvested by all the tiers should be greater than the effective energy required by

all the users.

Proof. For the proof of (6.24) = (6.25), take the denominator of (6.24) to the
right hand side of inequality and multiply both sides by A; to get

K 2 2 2 2

et >_ piNE [x;} P? > pAPAE [x;} P Wk € X.

j=1
Now add all the K inequalities, i.e., sum both sides from k£ = 1 to K, which
leads to (6.25) and hence completes half of the proof. For the proof of (6.24)
< (6.25), multiply both sides of (6.25) by Y-/, p,\/E [:x;} P? to get
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K K K
> Mt Yo pNE X7 | P> D P ME X | P (6.26)
k=1 j=1

k=1

Rearranging the terms we get

K i D PAE [xf] Py
)\k > —1] >0. (627)

k=1 P AupiE [DC,?} '

Since A, is arbitrary, for the above condition to always hold, we need the term
inside the bracket to be positive for all £ € K. This set of conditions is the

same as (6.24) and hence completes the proof. O

Using Theorem 10 and Lemma 17, we now derive the main result of

this subsection.

Theorem 11. The necessary and sufficient condition for the existence of a

positive solution pp > 0,V k € K for the system of fixed point equations given
by (6.14) is
K
> Ntk > AyPe. (6.28)
k=1
Proof. For sufficiency, it is enough to show that the given condition is sufficient

for the function = : RE — R defined by (6.15) to satisfy both the properties

listed in Theorem 10. Further, it is enough to show this for each element
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function g : RX — R of Z. For p; # 0, the function g, as a function of py

can be expressed as

gr(pr) =1 — ( L i ) ) (6.29)

1 — (kppr) Mt

where
K 21 p2
Mok Zj:l Pj/\jE [xj ] P]

PEPNE [x,;} Py

(6.30)

Rk

Note that the function gx(px) < 1 for finite Ny. Now setting b, as defined in
Theorem 10, equal to 1, it is enough to find conditions under which 4 a < b
such that gi(a) > a. Since gx(pr) = 0 for pr — 0, for the existence of a such
that gx(a) > a it is enough to show that ¢'(py) > 1 for p — 0. Furthermore,
it is easy to show that ¢'(pr) = ki for pp — 0, which leads to the condition
ki > 1 for the existence of a as defined above. This leads to the following set

of inequalities for 1 < k < K:

K 2 2
fk g1 PAE [Xﬁ} by
PPE X7 | PE

> 1. (6.31)

From Lemma 17, this set of conditions is the same as (6.28) and hence proves
that (6.28) is a sufficient condition for the existence and uniqueness of the

positive solution for {py}.

To show that the given condition is also necessary, we construct a simple
counter example. Let K = 1 and drop all the subscripts denoting the indices

of tiers for notational simplicity. The fixed point equation for this simple setup
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It is easy to show that g(p) does not have a positive fixed point when pA\ <

p=1- = g(p), (6.32)

P.\,, which proves that the given condition (6.28) is also necessary. [

The existence and uniqueness of the positive solution for the BS avail-
abilities {px } will play a crucial role in establishing the availability region later
in this section. The unique positive solution for {p;} can be computed easily
using fixed-point iteration. Before concluding this section, it is important to

formalize some key ideas.

Remark 16 (Energy outage). From Theorem 11, it is clear that the total
enerqy harvested by the HetNet must be greater than the total energy demand
to guarantee a positive solution for the availabilities {py}. However, if this
condition is not met, the system may drop a certain fraction of users to ensure
that the resulting density of users X, is such that Zszl Akt > N P.. The rest
of the users are said to be in outage due to energy unavailability, or in short

“energy outage”. The probability of a user being in enerqy outage is

0,1 N5 T e

k 6.33
)\u )\UPC 7 ( )

where the lower bound is strictly positive if Z,ﬁ;l Aepte < AP, t.e., when
condition (6.28) is not met. However, if the condition (6.28) is met, it is in

principle possible to make O, = 0. The exact characterization of energy outage
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will depend upon the protocol design and is out of the scope of this chapter.
In the rest of the chapter, we will assume that the condition (6.28) is met and

hence O, = 0.

Remark 17 (Effect of battery capacity on availability). Note that the function
gr 1S an increasing function of Ny from which it directly follows that the avail-
ability of a particular class of BSs increases with the increase in the battery

capacity.

Remark 18 (Effect of availabilities of other tiers on py). From Lemma 16, it
follows that gy, is an increasing function of not only py but also of p;, 7 # k.
This implies that the availability of k™ tier increases if the availability of one
or more of the other tiers is increased. This is consistent with the intuition
that if the availability of any tier is increased, the effective load on other tiers

decreases hence increasing their availabilities.

Definition 5 (Over-provisioning factor). As mentioned above, we will hence-
forth assume that the system is over provisioned in terms of energy harvesting,
i.€e., Zszl Aepe > A\yPe. For cleaner exposition, it is useful to define an over-
provisioning factor v as the ratio of total energy harvested in the network and

the effective energy demand, i.e.,

K
= M > 1. (6.34)

7 AoPe

So far we focused on a particular strategy, where a BS is said to be avail-

able if it is not in the 0 energy state, i.e., it has at least one unit of energy. In
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Figure 6.3: Illustration of how the energy level changes over time. The time
for which BS is in OFF state is shaded. The unit of time is irrelevant.

the next subsection, we develop tools to study availabilities for any general un-
coordinated strategy using stopping/hitting time analysis. Our analysis will
concretely demonstrate that the simple strategy discussed above maximizes
the BS availabilities over the space of general uncoordinated strategies. Ex-
tending these results further, we will characterize the availability region that

is achievable by the set of general uncoordinated strategies.

6.4.3 Availabilities for any General Uncoordinated Strategy

We first focus on a general set of strategies {8g(Nkmin, Nkc)} in which
a BS toggles its state based solely on its current energy level, i.e., a k" tier BS

toggles to OFF state when its energy level reaches some level Ny ,;, and toggles
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back to ON state when the energy level reaches some predefined cutoff value
Nie > Ngmin as shown in Figure 6.3. Although not required for this analysis,
it should be noted that the cutoff value Ny, can be changed by the network if
necessary on an even larger time scale than the time scale over which the BSs
are turned ON/OFF. Now note that for the proposed model, the strategies
{8%(Nkmin, Nie)} with energy storage capacity Ny and {8;(0, Nye — Ngmin) }
with energy storage capacity Ny — Ngmin, are equivalent because when the BS
is turned OFF at a non-zero energy level Ny, in the first set of strategies,
it effectively reduces the energy storage capacity to N — Npmin. Therefore,
without any loss of generality we fix Ng i = 0 (for all tiers) and denote this
strategy by 8x(Ng.) for notational simplicity. For this strategy, we denote the
time for which a k' tier BS is in the ON state after it toggles from the OFF
state by Jy, (Vye) and the time for which it remains in the OFF state after
toggling from the ON state by Ji,(Ng.). The cutoff value in the arguments will
be dropped for notational simplicity wherever appropriate. The cycles of ON
and OFF times go on as shown in Figure 6.3. It is worth highlighting that both
Jk, and Jj, are in general random variables due to the randomness involved
in both the energy availability and its utilization, e.g., Ji, can be formally
expressed as Jy, (Nk.) = inf{t : Ex(t) = 0|E(0) = Nk}, where €, (t) denotes
the energy level of a k'* tier BS at time ¢. For this setup, the availabilities

depend only on the means of J;, and Ji, as shown in the following Lemma.

Lemma 18 (Availability). The availability of a k™ tier BS for any operational
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strategy can be expressed as

_ ElR] 1
e Be) + ) 1 4 Bl

(6.35)

where E[Jk,| is the mean time a BS spends in the ON state and E[Jy,] is the

mean time it spends in the OFF state.

Proof. For a particular realization, let {J,g?} and {J,E?} be the sequences of
ON and OFF times, respectively, with ¢ being the index of the ON-OFF cycle.
The availability can now be expressed as the fraction of time a BS spends in
the ON state, which leads to
_1. St
Pk = A ), s )
izt Jry T 2 Ty

The proof follows by dividing both the numerator and the denominator by n

(6.36)

and invoking the law of large numbers. ]

To set up a fixed point equation similar to (6.14) for the strategy
8k (Nke), we need closed form expressions for the mean ON time E[Jy, | and the
mean OFF time E[Ji,]. Note that the OFF time for 8;(Vk.) is simply the time
required to harvest Nj. units of energy, which is the sum of N,. exponentially

distributed random variables, each with mean 1/uy. Therefore,

Nie _, 1
e
ik 1+ ke

E[Ji,] = (6.37)
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To derive E[Jy, |, we first define the generator matrix for the birth-death process

corresponding to a k** tier BS as A;, =

— [k ok 0 0 0
Ve —fk — Vg e 0 0
0 Vk — Mk — Vk 0 0 (6.38)
L 0 0 0 Ve —Vg |

where the states are ordered in the ascending order of the energy levels, i.e.,
the first column corresponds to the energy level 0. To complete the derivation,
we need the following technical result. Please refer to Proposition 5.7.2 of [136]

for a more general version of this result and its proof.

Lemma 19 (Mean hitting time). If the embedded discrete Markov chain of
the CTMC s irreducible then the mean time to hit energy level O (state 1)

starting from enerqgy level i (state i + 1) is

E[Ji, (1)) = ((=Bw) " 1) (i), (6.39)

where 1 is a column vector of all 1s, and By, is a (N —1) X (N —1) sub-matrix

of Ay obtained by deleting first row and column of Ayg.

For Ay, given by (6.38), we can derive a closed form expression for each
element of (—By,)~" after some algebraic manipulations. The (i, 7)™ element

can be expressed as

min(z,5)
(—By) 1(2}1'):”—]1 St (6.40)
n=1
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Now substituting (6.40) back in (6.39) gives us the mean ON time for any
strategy Sy(Ng.), which when substituted in (6.37) gives a fixed point equation

in {px} similar to (6.14), as illustrated below for the two policies of interest.

6.4.3.1 Policy 1 (8,(1))

In this policy, each BS serves users until it depletes all its energy after
which it toggles to OFF state. It toggles back to ON state after it has harvested
one unit of energy. Using (6.39) and (6.40), the mean ON time E[Jy] for this

policy can be expressed as
Ni
- (2)
E[J,] = ———*4— (6.41)
k

which when substituted into (6.37) leads to

_ Bk

== (6.42)
- (e)
Vi

which is the same fixed point equation as (6.14). This establishes an equiva-
lence between this policy and the one studied in the previous subsection. In
particular, this policy is an achievable strategy to achieve the same availabili-

ties as the ones possible with the strategy studied in the previous subsection.

6.4.3.2 Policy 2 (8;(N;))

As in the above policy, each BS serves users until it depletes all its
energy after which it toggles to OFF state. Under this policy, the BS waits

in the OFF state until it harvests /Ny units of energy, i.e., its energy storage
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module is completely charged. Using (6.39) and (6.40), E[Jk, ] can be expressed

as

B Nk
— | £k
Lo <k) M (6.43)

]EJIZ )
i i — Vi Vg 1_<&> K — Vi

which can be substituted in (6.37) to derive the fixed point equation for this

policy.

While policy 1 will be of fundamental importance in establishing the
availability region, we will also consider policy 2 at several places to highlight
key points. We now prove the following theorem, which establishes a funda-
mental upper limit on the availabilities of various types of BSs that cannot be
surpassed by any uncoordinated strategy. Please note that although we have
discussed only “energy-based” uncoordinated strategies so far, the general set
of uncoordinated strategies also additionally includes timer-based, and the
combination of energy and timer-based strategies. This is taken into account

in the proof of the following theorem.

Theorem 12. For a given K tier network, the availabilities of all the classes
of BSs are jointly mazimized over the space of general uncoordinated strategies
if each tier follows strategy Si(1). The availabilities are strictly lower if any

one or more tiers follow 8 (i), i > 1, with a non-zero probability.

Proof. From (6.37), note that the availability for a k' tier BS is maximized

if E[Jx, (Nge)]/Nie is maximized. Using (6.39) and (6.40), it is straightforward
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to show that

E[Jk, (7)]
arg max ———
1<i<Ny, 1

~ 1. (6.44)

The proof now follows from the fact that if any tier follows strategy Sy (7) (i >
1) with a non-zero probability, its availability will be strictly lower than that
of 8x(1), which increases the effective load on other tiers and hence decreases
their availabilities, as discussed in Remark 18. Therefore, to jointly maximize

the availabilities of all the tiers, each tier has to follow 8(1).

Now note that any strategy that is fully or partly based on a timer can
be thought of as an arbitrary combination of 8 (i), where ¢ > 1 with some
non-zero probability. Hence the availabilities for such strategies are strictly

lower than §(1). O

Using this result we now characterize the availability region for the set

of general uncoordinated strategies.

6.4.4 Availability Region

We begin this subsection by formally defining the availability region as

follows.

Definition 6 (Availability region). Let R(VC) C R¥ be the set of availabilities
(p1,p2,---,px) € RE that are achievable by a given uncoordinated strategy

SO The availability region is now defined as
R = US(UC)m(UC), (6.45)
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where the union is over all possible uncoordinated strategies.

From Theorem 12 we know that the availabilities of all the tiers are
jointly maximized if they all follow strategy Si(1). For notational ease, we
define these maximum availabilities by p™®* = (p*ax, pax . pax)  This pro-

vides a trivial upper bound on the availability region as follows
RC{pecRN:p, <pP>VEkeX}, (6.46)

which is simply an orthotope in RX. Our goal now is to characterize the exact
availability region as a function of key system parameters. As a by product,
we will show that the upper bound given by (6.46) is rather loose. For cleaner
exposition, we will refer to Figure 6.4, which depicts the exact availability
region for a two-tier setup along with the bound given by (6.46). Before stating
the main result, denote by pj({p;} \ pr) the maximum availability achievable
for the k" tier BSs, given the availabilities of the other K —1 tiers. It is clearly
a function of (p1,...pr_1,Pk+1,---,pr). Following the notation introduced in
(6.15), p;.({pj}\ pr) (denoted by p; for notational simplicity) can be expressed

as

Pk = Gk(P1 - Phs -5 PEO)s (6.47)

where pj is the solution to the fixed point equation given the availabilities of
the other K — 1 tiers. Recall that while defining p; in terms of g, we used
Theorem 12, where we proved that strategy 8x(1) maximizes availability for

any given tier and also leads to the same set of fixed point equations as given
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by (6.15). In Figure 6.4, the solid line denotes p3(p1), and the dotted line de-
notes pi(p2). We remark on the achievability of the availabilities corresponding

to these lines for p, < p'**, Vk € K below.

Remark 19 (Achievability of pi(ps) and pi(p2)). To show that for p; < p*®,
all the points on pi(p1) are achievable, consider point G = (p§, pS) in Fig-
ure 6.4. Given pS, the mazimum possible availability for first tier corresponds
to point H on pi(pS), which further corresponds to strategy 8(1). Clearly
p§ < pi(p§), and hence achievable by some uncoordinated strategy. One op-
tion is to time share between 8(1) and a fized timer that keeps a BS OFF
despite having energy to serve users. The timer can be appropriately adjusted
such that the effective availability is p§. Likewise, all the points on pi(p2) are

also achievable. Clearly, this construction easily extends to general K tiers.

Using these insights, we now derive the exact availability region for the

set of uncoordinated strategies in the following theorem.

Theorem 13 (Availability region). The availability region for the set of gen-

eral uncoordinated strategies is

R={peR": pp <pi({p;} \ pr),¥ k € K}. (6.48)

Proof. To show that R defined by (6.48) is in fact the availability region, it is
enough to show that p € R is achievable and p ¢ R is not achievable. For ease
of exposition, we refer to Figure 6.4 and prove for K = 2, with the understand-

ing that all the arguments trivially extend to general K. To show that p € R
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is achievable, consider point F in Figure 6.4. This point is achievable by time
sharing between strategies that achieve availabilities corresponding either to
points A and B or C' and D, which are all achievable as argued in Remark 19.
This clearly shows that there are numerous different ways with which p € R
is achievable. To show that the point p ¢ R is not achievable, consider point
F = (pf', pI') in Figure 6.4. Note that given p!’, the maximum availability
possible for second tier is constrained by the corresponding value p3(p!') on
the solid curve. Since p > p3(pl), it contradicts the fact that p3(pl) is the
maximum possible availability for second tier given p". Hence point F is not

achievable. H
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Remark 20 (Effect of constraining the set of strategies on R). Recall that p;
given by (6.47) and used in defining the availability region R corresponds to
fized point solution for strategy 8(1). In principle, it is possible to restrict one
of tiers to follow a particular strategy by defining pj, as the fized point solution
for that strategy. For instance, we could define pj as a solution to the fized
point equation corresponding to strategy Sg(Ny). Clearly, all the points p € R
will not be achievable in this setup. For a two tier setup, we plot the avail-
ability region for this case in Figure 6.5, along with the availability region R
defined by Theorem 13. Note that as expected the set of points achievable under
this constrained setup is strictly contained in the availability region defined by

Theorem 135.

We conclude this subsection with two remarks about the “optimality”

of the availability region.

Remark 21 (Higher availability is not always better). It is not always optimal
in terms of certain performance metrics to operate the network in the regime
corresponding to the maximum availabilities. We will validate this in Sec-
tion 6.5 in terms of the downlink rate. Interestingly, a similar idea, although
applicable at a much smaller time scale, of intentionally making a macrocell
“unavailable” on certain sub-frames can be used to improve downlink data rate
by offloading more users to the small cells. This concept is called almost blank
sub-frames (ABS) and was introduced as a part of enhanced inter-cell inter-

ference coordination (eICIC) in 3GPP LTE release 10 [137]. While this is
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an interesting analogy, the two concepts are not exactly the same because in

addition to the differences in the time scales, ABS additionally assumes coor-

dination across BSs.

Remark 22 (Notion of optimality). The performance of a HetNet with energy
harvesting is the same as the one with a reliable energy source if for the given
performance metric, the optimal availabilities p lie in the availability region,
i.e., p € R. For example, if p corresponds to point E in Figure 6.4, the HetNet
despite having unreliable energy source will achieve “optimal” performance.
On the other hand, if p is, say, point F' in Figure 6.4, there will be some

performance loss due to unreliability in energy availability.
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We now study the coverage probability and downlink rate in the fol-
lowing subsection, which will be useful in the next section to demonstrate the

above ideas about optimality.

6.4.5 Coverage Probability and Downlink Rate

We now study the effect of BS availabilities {px} on the downlink per-
formance at small time scale. As described in Section 6.3, the availabilities
change on a much longer time scale and hence the operational states of the BSs
can be considered static over small time scale. Therefore, for this discussion
it is enough to consider the set of available BSs ®®. For downlink analysis,
we focus on a typical user assumed to be located at the origin, which is made
possible by Skivnyak’s theorem [69]. Assuming full-buffer model for inter-cell
interference [5], i.e., all the interfering BSs in ®® are always active, the SIR
at a typical user when it connects to a BS located at x € (IDEf) is

Ph x|~

OO fj—a
jex Zz@;ﬂ’\{x} Pihi. X5 |||

SIR(z) = (6.49)

Using tools developed in Chapter 5, Theorem 1 of [49] can be easily extended
to derive the coverage probability under the general cell selection model of
this chapter, which additionally incorporates the effect of shadowing. Since

the extension is straightforward, the proof is skipped.

Theorem 14 (Coverage). The coverage probability is

P. = P(SIR(Z’*(O)) > 5) = H—?;(ﬂa)’ (650)
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where

2p3

a—2

F(B,a) = ( )2F1 [1,1 24 2,—5 : (6.51)

BRE)
«

I'(c) 1¢b-1(a—¢)eb-1

e Jo =50 dt denotes Gauss hypergeometric

and o F[a,b,c, z] = m

function.

Clearly, the coverage probability for interference-limited HetNets is in-
dependent of the densities of the available BSs, and hence of the availabilities
{pr}. This validates Remark 14. However, it is not necessarily so in the case
of downlink rate distribution, which we discuss next. Assuming equal resource
allocation across all the users served by a BS, the complimentary cumulative
distribution function (CCDF) of rate R (in bps/Hz) achieved by a typical user,
termed rate coverage R., is calculated in Theorem 9 of Chapter 5 for the same
cell selection model as this chapter. Assuming the typical user connects to a
k" tier BS, R can be expressed as R = \I%k log(1 + SIR(z*®), where W}, is the
number of users served by the k' tier BS to which the typical user is con-
nected. The approach of Chapter 5 includes approximating the distribution
of U}, and assuming it to be independent of SIR(z*(?)) to derive an accurate
approximation of R. With two minor modifications, i.e., the density of k" tier
active BSs is pp A\, and the effective density of active users is P \,, Theorem 9
of Chapter 5 can be easily extended to the current setup. The generalized
result is given in the following theorem. For proof and other related details,

please refer to Chapter 5. This result will be useful in demonstrating the
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fact that the optimal downlink performance may not always correspond to the

regime of maximum availabilities.

Theorem 15 (Rate CCDF). The CCDF of downlink rate R (in bps/Hz) or

rate coverage R 1S

2 2

K
P(R>7T) =
Z 14+ 3¢ Bn-i—lu ; > pi)\E [x]%] Pj%
JjeX
y 3.535T'(n + 4.5) (PC)\u(Pk)" (3 - P(;)\uﬂ)k) —(n+4.5)
n! ['(3.5) PEAk : Py

where P = 270D — 1 and
Py = B (6.52)
ZjefK pJ')‘jE [x]a} Pja

Remark 23 (Invariance to shadowing distribution). From Theorem 15, we

note that the rate coverage is invariant to the shadowing distribution when
2 2
E [DC;‘] =E [X,j}, for all 5,k € K. This is similar to the observations made

i Remark 15.

6.5 Numerical Results and Discussion

Since most of the analytical results discussed in this chapter are self-
explanatory, we will focus only on the most important trends and insights in
this section. For conciseness, we assume lognormal shadowing for each tier
with the same mean m dB and standard deviation o dB. Recall that both the

energy utilization and the rate distribution results are invariant to shadowing
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under this assumption, as discussed in Remarks 15 and 23. We begin by

discussing the effect of battery capacity on the availability region.

6.5.1 Effect of Battery Capacity on Availability Region

We consider a two tier HetNet and plot its availability region for various
values of the capacity of the energy storage module, i.e., battery capacity, in
the first subplot of Fig 6.6. For ease of exposition, we assume that the storage
capacities of the BSs of the two tiers are the same. As expected, the availability
region R increases with the increase in battery capacity. Interestingly, it is
however not possible to achieve all the points p in the square [0, 1] x [0, 1]
even by increasing the battery capacity infinitely. The maximum availability
region is a function of over-provisioning factor ~, which is set to 1.1 for this
result. Additionally, we note that the maximum availabilities for both the tiers
approach unity even at modest battery levels. We repeat the same experiment
for the case when one of the tiers is constrained to use the strategy 8y (V) and
present the results in the second subplot of Figure 6.6. Recall that this case
was discussed in Remark 20. We observe that for the same battery capacity
N, the achievable region is smaller in this case compared to Figure 6.6, which
is consistent with the observations made in Section 6.4. The difference is

especially prominent for smaller values of battery capacity N.
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Figure 6.6: (first) Availabilities region for various values of energy storage
capacity N, where N; = Ny = N. (second) One of the tiers constrained to
use strategy Sx(N). Setup: a =4, K =2,v=1.1,P = [1,0.1], 41 = 10, up =
3, )\2 - 10)\1
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6.5.2 Effect of Over-Provisioning Factor on Availability Region

We now study the effect of the over-provisioning factor on the availabil-
ity region in the first subplot of Figure 6.7. Recall that the over-provisioning
factor v is the ratio of the net energy harvested per unit area per unit time
and the net energy utilized per unit area per unit time. The first and foremost
observation is that unlike increasing battery capacity, the availability region
expands by increasing v and will cover the complete square [0, 1] x [0,1] for
sufficiently large . Also note that the beyond a certain value of ~, the avail-
ability of a tier may be non-zero even if the availabilities of the other tiers are
zero. This is the case when that tier harvests enough energy on its own to
serve all the load offered to the network, i.e., Agur > P.A,. As in the previous
subsection, we now repeat this experiment under the constraint that one of
the tiers follows strategy Sy(Ny) and present the results in the second subplot
of Figure 6.7. As expected, the availability region is considerably smaller in

this case.

6.5.3 Rate coverage

Using rate coverage, given by Theorem 15, we demonstrate that it may
not always be optimal to operate the network in the regime corresponding
to maximum availabilities. We plot rate coverage as a function of (p1, pa)
for two different setups in Figure 6.8. In both the cases, we note that it is
strictly suboptimal to operate at the point (p1, p2) = (1,1). Furthermore, as

the second tier density is increased, it is optimal to keep first tier BSs OFF
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more often. As expected, the rate coverage also increases with the increase of
second tier density. This example additionally motivates the need for the exact
characterization of p for various metrics of interest, which forms a concrete line
of future work. Once the optimal p for a given metric is known, the system
designers can, in principle, design the energy harvesting modules such that
p € R. In such a case, the HetNet with energy harvesting will have the same

performance as the HetNet with reliable energy sources.

6.6 Summary

In this chapter, we have developed a comprehensive framework to study
self-powered HetNets, where each BS is powered solely by its energy harvest-
ing module. Developing novel tools with foundations in random walk theory,
fixed point analysis and stochastic geometry, we quantified the uncertainty
in BS availability due to the finite battery capacity and inherent randomness
in energy harvesting. We further characterized the availability region for a
set of general uncoordinated BS operational strategies. This characterizes the
regimes under which the self-powered HetNets have the same performance as

the ones with reliable energy sources.
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Chapter 7

Conclusion

7.1 Summary

Opportunistic capacity-driven deployment of small cells is recognized
as a key solution to keep up with the increasing capacity demand from cellular
networks. This has led to a paradigm shift in cellular deployments where the
traditional high power tower-mounted macrocellular BSs are now joined by var-
ious low power nodes such as microcells, picocells, femtocells and distributed
antennas. In addition to increasing the disparity in the BS capabilities, such
as transmit power and backhaul capacity, this has also led to the increasing
uncertainty in the BS locations due to the unplanned deployment of small
cells. An immediate effect of the increasing heterogeneity and uncertainty on
the study of cellular networks is that it has limited the applicability of classi-
cal cellular models based mainly on the regularity assumption of BS locations,
such as deterministic grid-based models and Wyner model, to HetNets. In this
dissertation, we proposed a new and more appealing way of modeling HetNets
by using random spatial models, where the locations of the BSs are assumed to
form a realization of a spatial point process. In comparison to the conventional
models, this approach is especially attractive in the context of HetNets due to

its: (i) realism: to capture the inherent uncertainty in deployments involving
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both operator and user deployed BSs, (ii) scalability: to model ever-increasing
heterogeneity in the infrastructure elements and, (iii) tractability: to gain sys-
tem design insights using tools from stochastic geometry and spatial statistics.

We now summarize the key contributions of this dissertation.

In Chapter 2, we proposed a baseline model for downlink HetNets con-
sisting of K tiers of BSs, which may differ in terms of transmit power, sup-
ported data rate and deployment density. The BS locations of each tier are
sampled from an independent homogeneous PPP. Using fairly general channel
and cell selection models, we derived an expression for the probability of cover-
age (equivalently outage) over the entire network under both open and closed
access, which assumes a strikingly simple closed-form when the resulting SINR
is greater than 1 and the network is interference limited. We also derived
simple expressions for the average rate achieved by a typical mobile and the
average load on each tier of BSs. Our results demonstrate that interference-
limited HetNets are scale-invariant in terms of coverage probability, i.e., adding
more tiers and/or BSs neither increases nor decreases the coverage probability

when all the tiers have the same target SINR.

In Chapter 3, we incorporated a flexible and accurate notion of BS
load by introducing a new idea of conditionally thinning the interference field,
conditional on the connection of a typical mobile to its serving BS. The re-
sulting framework is capable of capturing different levels of load on different
tiers, arising mainly from the differences in the coverage footprints. Assuming

a mobile user connects to the strongest BS, we derived exact expression for
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the fractional moment for interference, which was then used to derive a simple
expression for downlink coverage probability. This analysis leads to following
key insights: (i) fully loaded models are extremely pessimistic in terms of cov-
erage, and (ii) adding lightly loaded small cells to the macrocellular network
always increases coverage probability. In Apendix B, the same idea of condi-
tional thinning was used to study non-uniform user distributions, especially

when the users are more likely to lie closer to the BSs.

In Chapter 4, we generalized the baseline model of Chapter 2 to study
multi-antenna HetNets, where BSs across tiers may additionally differ in terms
of the number of transmit antennas, transmission strategy, and number of
users served. Using novel tools from stochastic orders, we developed a new
framework to compare different transmission techniques, such as SDMA, SU-
BF and baseline SISO transmission, in terms of the downlink coverage and rate
per user for any given distribution of BS locations. A direct consequence of this
analysis is that for a given total number of transmit antennas, it is preferable
to spread them across many single-antenna BSs vs. fewer multi-antenna BSs.
While this approach is quite conclusive for coverage and rate per user, it does
not account for the fact that certain transmission techniques, such as SDMA,
serve more users and may provide higher sum-rate. To incorporate this fact in
our analysis, we derived an upper bound on the coverage probability assuming
an independent PPP model for BS locations and used it to compare different

transmission techniques in terms of area spectral efficiency.

Recall that the baseline HetNet model of Chapter 2 and its extensions
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in Chapters 3 and 4 do not differentiate between the long-term shadowing
and small-scale fading effects. The channel randomness was captured using a
single random variable and cell selection was based on the maximum instanta-
neous received signal strength. In Chapter 5, we addressed this shortcoming of
the baseline HetNet model and derived the distribution of the downlink rate
achievable at a typical user under a generalized cell-selection model, where
shadowing, following any general distribution, affects cell selection while fad-
ing does not. This generalization is a simple application of displacement the-
orem for PPPs. We proposed an equivalent interpretation of this general cell
selection model and showed that the effect of shadowing can be equivalently
studied by appropriately scaling transmit powers. Using this equivalent inter-
pretation, we studied the effect of shadowing on load balancing, and showed
that in certain regimes shadowing naturally balances load across various tiers

and hence reduces the need for artificial cell selection bias.

Unlike all the previous chapters, Chapter 6 deals with a slightly fu-
turistic HetNet scenario where each BS is powered solely by its own energy
harvesting module. This possibility is becoming realistic due to the increasing
popularity of low power nodes, which are more likely to be powered solely by
the energy harvesting modules, such as solar panels, compared to the high-
power macrocells of yesterday. We extend the K-tier baseline HetNet model to
additionally include differences across tiers in terms of the energy harvesting
rate and energy storage capacity. Developing novel tools with foundations in

random walk theory, fixed point analysis and stochastic geometry, we quanti-
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fied the uncertainty in BS availability due to the finite battery capacity and
inherent randomness in energy harvesting. We further characterized the avail-
ability region for a set of general uncoordinated BS operational strategies.
This characterizes the regimes under which the self-powered HetNets have the

same performance as the ones with reliable energy sources.

7.2 Future Directions

The models proposed in this paper have already been generalized in var-
ious forms and have found numerous applications in diverse HetNet scenarios.
Please refer to [87] for a detailed survey. Here we propose two important
extensions, which are relatively less investigated in the literature. First is to
model the inter point interactions between the locations of various types of BSs
and develop more realistic spatial models using tools from spatial statistics.
Second is to develop a techno-economic model to explore possible interdepen-
dencies between network deployment cost and the HetNet performance. We

now briefly discuss these future research directions below.

7.2.1 More Realistic Spatial Models for BS locations

With the exception of Chapter 4 where the spatial model was irrelevant,
this dissertation assumes that each BS is deployed independently of the rest of
the network. While this assumption can be justified for small cells, especially
for user deployed femtocells, it is questionable for other tiers such as macro-

cells, where the BS locations are clearly dependent. In order to model the
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Figure 7.1: (left) Point pattern x. (right) Realization of a Strauss Hardcore
process fitted to x.

performance of HetNets accurately, it is important to first characterize these
inter point interactions. One possible option is to use Gibbs models [138], which
we briefly discuss here. To fix the key ideas, we consider two point pattens
x and y (shown in Figs. 7.1 and 7.2) which are subsets of the macrocellular
deployments of two of the U.S.” 10 largest metropolitan areas. Point pattern

x is from a sprawling, landlocked city, while y is from a coastal city.

To describe Gibbs models, we consider a point pattern z confined in a
bounded window W, where z = {21, 2,..., 2n(»)} and n(z) = |z|. Although
Gibbs models can be used to model general inter point interaction, we focus
our attention on a simple “pairwise interaction model”, which is shown to

be sufficient to model both x and y in [82]. For this model, the probability
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Figure 7.2: (left) Point pattern y. (right) Realization of a Geyer Saturation
Process fitted to y.

density f(z) can be expressed in the product form as follows:

n(z)
f(z) =« Hd)(zi) [H w(zi,zj)] : (7.1)

i<j
where « is the normalizing factor to ensure the probability density integrates
to unity, ¢(z) is the function modeling the “first order trends” and v (z;, 2;)
are the functions modeling the pairwise interaction. Two important special
cases are: the Strauss process [139], which is useful in modeling inhibition,
and its generalization the Geyer saturation process [140], which models both
inhibition and clustering. The Strauss process is defined by taking ¢(z;) = 3

and defining ¢(z;, ;) as

L |z — 2l >r

v lz— gl <r (7.2)

o) = {
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The probability density function is f(z) = af"#~y*®  where s(z) is the num-
ber of distinct pairs of points less than an interaction radius r units apart.
Clearly v < 1 models inhibition. However, this probability density is not
integrable for v > 1 and hence cannot be used to model clustering [141]. Nev-
ertheless, this can be overcome by including a saturation limit in the exponent
of v to obtain the following density function: f(z) = a3"#~min(=:) This is
termed as the Geyer saturation process. It reduces to a PPP for t = 0 and a
Strauss process for t — oo. In [82], we have shown that the point patten x
being inhibitive can be accurately modeled using Strauss process and y being
clustered can be modeled using Geyer saturation process. The realizations of
the fitted processes along with the original point patterns are shown in Figs. 7.1
and 7.2. Geyer saturation process was also used recently to model the spa-
tial characteristics of an outdoor Wi-Fi deployment maintained by Google in

Mountain View, CA [142].

Continuing on the similar lines, it is important to model the inter tier
interaction, e.g., by using multi class Gibbs processes, and develop new met-
rics, such as the Voronoi cell area distribution proposed in [82] to validate the
proposed models. It is also important to study the correlation of BS deploy-
ments with publicly available data, such as the population density and the
road networks, to refine the models by incorporating these “covariates”. The
eventual goal is to identify a set of point processes that would model a variety
of cities with different topologies. It would circumvent the need of knowing

the actual BS locations for accurate performance analysis. Another promising
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class of point processes useful for this purpose is that of determinantal point

processes, which have an additional advantage of being tractable [143].

7.2.2 Techno-Economic Model for Cost Optimal Deployment

This dissertation and almost all its extensions so far have focused on
the radio part of the HetNets and have ignored the economic factors, such as
infrastructure cost, that are instrumental in driving the future deployments. A
concrete future direction of work is to develop a techno-economic model that
will allow us to study the interplay between the performance metrics, such
as coverage probability, and the network deployment cost. While the system
performance has already been modeled in this dissertation, we now propose a
method to model the network deployment cost based on the prior work done

in the context of wired networks [144].

To model the deployment cost, we first incorporate a notion of backbone
network by including a tier of “concentrator” nodes in the K tier HetNet
model. We assume these concentrator nodes form an independent PPP @,
with density \g. For simplicity, assume that each BS is connected to its nearest
concentrator node. It should be noted that in reality there would be multiple
“layers” of contractor nodes that can be easily incorporated in this framework.
For each BS class, we consider two components of cost required for deploying
an extra BS. First component is the fixed equipment cost C;, which models the
cost of antennas, RF hardware, towers and manual labor. Second component is

a function of the distance of the BS from its nearest connector point. Denoting
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the distance of an i*" tier BS from its nearest connector point as ||y;||, we model
this variable component of the cost as a;||y;||%, where a; and b; are non-negative
constants modeling the type and quality of fibers used. Using tools from Palm
calculus [133], especially Neveu’s exchange formula, we can derive the average
cost of deploying all the BSs that are connected to a typical concentrator point

as
L(3 +1)

C; WY
+a (ﬂAo)bi/2

Ko
X=> ~ (7.3)
=1

Interestingly, this deployment cost is a linear function of the densities of var-

ious classes of BSs and together with the closed form expression of coverage
probability derived in Chapter 2 provides a simple framework to pose tractable

and meaningful optimization problems.

Building upon these ideas, a future direction of work is to develop a
complete optimization framework to find conditions that will lead to coverage
and/or cost optimal deployments given certain practical constraints on the

availability of network resources, such as available spectrum.
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Appendix A

Appendix to Chapter 2: (GGeneralization to
Bi >0

In Chapter 2, all the results were derived under the assumption that
the SINR target §; > 1 for all the tiers. While these results were numerically
shown to be accurate down to much lower target-SINRs despite this assump-
tion, for completeness we relax this assumption and derive expressions for
both the coverage probability and the ergodic rate as a function of general ;.
Since these generalized expressions involve complex integrals, for the ease of

exposition they are treated separately from the main body of the chapter.

A.1 Coverage Probability

We first provide the generalized expression for the coverage probability
of a typical user which will directly lead to the ergodic rate expression in the

next section.

Theorem 16. The coverage probability of a typical mobile user is

27TF 1+

Pc({AZ}7{6’L}’{-PZ}) Z/\ P 5 1+,

Ly ) jomwy(1-61) _ i2mwy(r~1—6,1)
// (j27w) e e dydw,

1+2/a j27TW
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14+Bi
Bi

In the above expression §; = , kK = maxd; and

2
«

LU(s) = e ™ Zmmr An(ePr) ST DN ) +2/al (= 2.5)] (A.1)

Proof. Since the BSs are distributed as a stationary process, we can consider

a typical mobile at the origin. The coverage probability of a typical mobile

)

M; = Rlxne%f{hxllwII* b

user at the origin is

K
—E Hl—l(}%
=1

where

and [ is the total aggregate interference at the origin given by
K
=YY Rl
i=1 2€d;

By basic algebra, the coverage probability equals

Pe({Aih {8} A F3)) = P(max(6;M;) > 1), (A.2)
Let
L£Y(s) = Ele™* 1(max(5;M;) < u)].
It can be reduced to (A.1) using [145, Theorem 1]. Differentiating £%(s), we

obtain

aLY(s) LY(s)2nl(1 —|— K 2
By |l aulte ka (Pt 067,
m=1
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Let f(x,y) denote the joint probability density of I and max(d;M;). The

coverage probability equals

B o0 oo y
PC—/O /0 f(z,y)1 (y>x> —max(éi))dxdy’

Let x = max(d;). Using Parsevals theorem!, we obtain

0 CSI 6j27rwy . ej271'wy//€
P. = / / f<w7 y) dwdg? (AB)
0 —00

J2mw

where f (w,y) denotes the Fourier transform of f(z,y) with respect to the x

variable. We also have

9L7(s)
ou

= [ Hepemma = o)

Interchanging the integrals in (A.3) and using the above equation, we obtain

the result. O]

A.2 Ergodic Rate

In this section, we focus on the study of the average communication rate
achievable by a typical mobile user in the K-tier HCN. We assume that the
capacity achieving codes are used and hence the Shannon’s capacity formula,
R = log (1 - Irenue%i SIR(:L‘)) bps/Hz, is applicable. It is worth noting here
that the coverage probability expression derived in Theorem 16 completely

characterizes the complementary cumulative distribution function (CCDF) of

!This requires verifying that the integrand is integrable, which we do not provide here.
The technique for verifying the integrability is common and can be found in [73].
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max SIR(z) and hence holds a key to the derivation of the ergodic rate. Recall
reU; P;

that the coverage probability result derived in Chapter 2 does not completely
characterize the SIR distribution and is hence not sufficient to derive the er-

godic rate. Using coverage probability result derived in Theorem 16, we now

derive the Ergodic rate E[R].

Theorem 17. The ergodic rate achievable by a typical mobile in a K-tier

HCN s given by:

E[R] = /PC{{)\Z},QZ/ — 1,{P;}}dy. (A.4)

0
P {{N\i},2Y—1,{P;}} is the complez integral expression for coverage probability
derived in Theorem 16 by fixing B; =2Y — 1V i.

Proof. Let X be the random variable denoting max SIR(xz) and R be the
xeU; d;
random variable denoting instantaneous rate log(1 + X) in bps/Hz. Since R

is a positive random variable, its expected value can be evaluated as:

E[R]:/OOO]P’[RZy]dy:/OOOIP’[X22y—1]dy

_ / TR (M) 20— 1, {P))dy, (A.5)

0

which completes the proof. [

222



Appendix B

Appendix to Chapter 3: Modeling
Non-Uniform User Distribution

In this appendix, we propose a new tractable method of sampling users
by conditionally thinning the BS point process and show that the result-
ing framework can be used as a tractable generative model to study current
capacity-centric deployments, where the users are more likely to lie closer to
the BSs. Since the overall technical idea of conditional thinning is the same
as Chapter 3, we do not include this contribution as a separate chapter in the

main body of the dissertation.

B.1 Related Work and Motivation

As discussed in Chapter 2, a promising new way to model cellular net-
works is by using random spatial models, where the BS locations are assumed
to form a realization of some spatial point process, typically the Poisson Point
Process (PPP). Modeling the user locations as an independent PPP, the down-
link analysis is performed at a typical user assumed to be located at the origin.
Owing to its tractability, this model leads to simple closed form expressions for

key metrics such as coverage and average rate over the entire network [1,5,51].

223



Although it provides a way to study average statistics for the uniform user
distribution, it does not provide any handle on studying deployment scenar-
ios involving non-uniform user distribution, especially when the user and BS
locations are dependent. Naturally, such flexibility is desirable to study the
current capacity-centric deployments where BSs are specifically deployed to be
close to the areas of high user density [146]. The most popular and perhaps
the only available option to handle such scenarios is through detailed system
level simulations, which are both time consuming and have to be focused on

a limited range of system parameters [147,148].

B.2 Contribution

As a first step towards a tractable model with non-uniform UE dis-
tributions, we propose a slight modification in the way users are sampled by
using the same idea of conditional thinning, which we proposed in Chapter 3 to
model load on different classes of BSs. For simplicity of exposition we demon-
strate the new user sampling method for a single tier cellular network, and
leave the extension to HetNets as a future work. Starting with a higher den-
sity of BSs, we first assume that a typical user is located at the origin. After
selecting the serving BS, we condition on this active link and independently
thin the rest of the BS point process so that the resulting density matches the
desired density of the actual BSs. The thinning operation pushes the typical
user in the cell interior relative to the new cell edge defined by the resulting

point process. The bias induced in the location of a typical user towards its

224



serving BS can be tuned by varying the thinning probability. We make this
notion precise by deriving the distribution of the ratio of the distances of the
user to its serving BS and the dominant interferer as a function of the thin-
ning probability. We also show that this framework can be used as a tractable
generative model to study non-uniform user distributions where the users are
more likely to lie closer to the BS. The exact analysis of such non-uniform user
distributions is in general hard due to the correlation present in the user and
BS locations. The impact of the proposed model on the cellular performance
analysis and its key differences from the existing model based on uniform user

distribution are highlighted in terms of the coverage predictions.

It is worth noting that although this work is developed in the context
of cellular networks, it applies to much wider class of point process problems
involving dependence in the location of the observation point and the point

process.

B.3 Proposed Method of Sampling users

We consider a homogeneous PPP & of density A, a thinned version of
which will eventually model the BS locations. Recall that we consider a single
tier cellular network in this discussion. The downlink analysis is performed
at a typical user assumed to be at the origin [69]. The received power at a

typical user from the BS located at x € ® is

Py = Phyl|z]™, (B.1)
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where P is the transmit power, h, ~ exp(1) models channel power distribution
under Rayleigh fading and [|z]|~® models standard distance based path loss
with a > 2 being the path loss exponent. More general fading distributions
can be studied using tools developed in [73,131,149] and in Chapter 5. For

simplicity of exposition, we will ignore thermal noise in this discussion.

The proposed method of sampling the interior users can be understood
in two simple steps shown in Fig. B.1. The first step is to identify the serv-
ing BS in ® for a typical user depending upon the cell association technique
being considered. While the proposed method is general, for brevity we con-
sider nearest-neighbor cell association model discussed in [1], where each user
connects to its nearest BS. It is also the same as maximum average power con-
nectivity model, where each user connects to the BS that provides maximum
long-term average received power. In Fig. B.1 (first), the typical user connects
to its nearest BS, which is the one that corresponds to the Voronoi cell in which
it lies. Denote the location of this serving BS by x3 € ®. The second step is to
independently thin the point process ® \ x, where each point is independently
retained with probability p as shown in Fig. B.1 (second). Since the thinning
is conditional on the serving BS, we call it conditional thinning. The thinned
process @, models the BS locations. Due to conditional thinning, the point
process @, is no longer a PPP. After tessellating the space based on ®;, and
keeping the position of the user fixed, we note that the user is pushed towards
the cell interior compared to the new cell edge as shown in Fig. B.1 (third).

As discussed in the next section, a typical user can be pushed arbitrarily close
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Figure B.1: (first) The Voronoi tessellation of the point process ®. Dark
triangle denotes a typical user. (second) The point process thinned by p =
3. The remaining points form BS point process ®,. (third) The Voronoi
tessellation of ®;,. Observe that the typical point is now in the cell interior.
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to its serving BS by choosing an arbitrarily small value of p but remains edge

biased for high values of p.

B.4 Impact on Cellular Networks

After providing an overview of the new user sampling model, we now
formalize the effect of conditional thinning perceived by a typical user. Denot-
ing R; and R to be the distances of the closest and the next closest point of
®,, to the origin, we define our first metric to be R = Ry/R;. It corresponds to
the ratio of the distances of a typical user to its serving BS and the dominant
interferer, and provides some insights into the expected performance of a typ-
ical user. For instance, if the value of R is close to 1, it means that the user is
near the cell edge, i.e., the dominant interferer is approximately at the same
distance as the serving BS and hence the received signal-to-interference-ratio
(SIR) is expected to be low. It is important to note that R > 1 by construction,
since the serving BS is always the closest one in our cell association model. We
now derive the distribution of R after deriving the joint distribution of R; and
R as a function of thinning probability p in the following Lemma. Interested

readers can refer to [150] for the marginal distribution of R,,.
Lemma 20. The cumulative distribution function (CDF) of R is

1
, > 1. (B.2)

FR(T)Zl—m =

Proof. For notational simplicity, we first define the following disjoint sets:

E1={x € R? : |lz|| < 71}
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Ey={reR*:r) <|z|| <ri+dr}
Ez={r eR*:r +dr <|z|] <1}

84 = {x S RQ 1y < HJJH <ry+ dTQ},

where €; denotes a circle centered at origin and the rest denote annular regions
defined by concentric circles centered at the origin. Further let N(E) be a
random counting measure of a Borel set €, i.e., N(€) = # of points in €. Now
to derive the CDF of R, we first derive the joint probability density function
(PDF) of R; and R, which by definition can be expressed as

]P)(R1 S 82,R2 € 84)

TRi Ry (r1,72) = d}}lIEO D (B.3)
dro—0
The numerator of the above expression can be expressed as:
P(Rl € 82,R2 < 84) =
P(N(E1)=0,N(E2) =1,N(E3) =0,N(&y) =1) = (B.4)

P(N(€1) = 0)P(N(Es) = 1)P(N(E5) = 0) P (N(€4) = 1),

where the simplification follows from the fact that the sets &; are disjoint.
Now recall that the point process ® is independently thinned by probability
p outside the circle of radius r; + dry. Therefore, the above expression can be

written as:

P (Rl € 82, R2 S 84) = 67)\7””%
A [(ry + dry)? — 2] e el rdr?rd] g mpan[rg—(rtdn ]

2

pAT [(r2 + drs)® — 73] e_p’\”[(rﬁd’“?)z_%]’ (B.5)
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which for vanishingly small dr; and dry can be simplified to:
p(2mA)*riry exp (—Arri(1 — p)) exp (—pAmrs) dridr, (B.6)

from which the joint PDF of R; and R, can be expressed as:
friRy(11,72) = P(2TN)2ryrge NTIUP) gmPATTS (B.7)

for ro > r; > 0. Using this joint density, the CCDF of R can now be expressed

as:
PR>r|=P {@ > 7"] (B.8)
Ry
00 2 1
/7"220 r1=0 T a1, r2)drdr L+p(r?—1) (B9)
which completes the proof. O

Recall that for p = 1 the proposed model reduces to the uniform dis-

tribution of users, leading to the following corollary.

Corollary 17. The CDF of R for the typical observation point that is defined
to be uniformly distributed in R? independent of the BS locations (p = 1 in the

proposed model) is

Fr(r) :1—l r>1. (B.10)

)
7«2

Corollary 18. The mean value of R as a function of p is

E[R] =1+ ﬁ (g — tan™! (\/%)) , (B.11)

which for p =1 is E[R] = 2.
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\4

Figure B.2: The CDF of R for various values of conditional thinning probabil-
ity p. The theoretical results are overlaid with dotted plots of the simulation
results showing perfect match.

Remark 24 (Dependence in user and BS point processes). The level of depen-
dence induced in the locations of the users and the BSs is inversely proportional
to the thinning probability p, i.e., the probability of finding a typical user in
the cell interior close to its serving BS is higher for smaller values of p. This
is evident from the mean of R given by Corollary 18 and from the plot of the
CDFs of R for various values of p in Fig. B.2.

We now derive the coverage probability of a typical user sampled under
the new proposed method. The coverage probability P. denotes the average

fraction of users in coverage and can be formally defined as the CCDF of SIR
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as follows:

P.=P(SIR> ) =P ( A > 5) , (B.12)

2yewy\a, Tullyll=®

where the serving BS is assumed to be located at z,. Using tools developed
in [1], a simple expression can be derived for the coverage probability of a
typical user under the proposed sampling method. The main result is given in

the following Lemma along with a brief proof sketch.

Lemma 21. The coverage probability of a typical user when it connects to its

nearest BS under the proposed user sampling method with thinning probability

P s
A -
Pe(a, B,p) = [1 +p5a/ adU} , (B.13)
g2 1+ u?
which for a = 4 simplifies to
1 1 -1
P.(4,5,p) = [1 +pp2 (7?/2 — arctan(f 2))} . (B.14)

This result directly follows from Theorem 2 of [1] with a slight modifica-
tion to incorporate conditional thinning of the point process ®. The coverage
probability is first conditioned on the distance of a typical user to its serving
BS, which can be computed by the null probability of a PPP with density
A. Conditioned on this distance, say u, the interference field defined over
R?N B(0,u)¢ is a PPP with density p)\, where B(0,u) is a ball with radius u

centered at 0 and p appears due to conditional thinning. This is the step where
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the proof of the current Lemma differs from that of Theorem 2 of [1]. The re-
maining proof, which mainly involves the derivation of the Laplace transform

of interference, remains the same.

Remark 25 (Scale invariance and effect of p on P.). For any given value of
thinning probability p, the coverage probability is independent of the density
of the BSs in an interference limited cellular network. This scale invariance
result is a generalization of a similar observation reported in [1] for the uniform
distribution of the users, which is a special case of the proposed model and
corresponds to p = 1. As expected, the coverage probability is a monotonically
decreasing function of p. This is consistent with the observations reported
in [102], where a similar parametrization was used to model load on various

classes of BSs in a heterogeneous cellular network.

B.5 Non-Uniform user Distribution

In this section, we show that the framework developed in the previous
section can be used as an accurate analytical generative model for the non-
uniform user distributions where the users are clustered around their serving
BSs. We first explain the simulation setup for this non-uniform user distribu-
tion model and then describe a subtle difference in this model and the user

sampling framework developed in the previous section.

To simulate the non-uniform user distribution model, start with a re-

alization of a PPP ® with density A and form the Voronoi tessellation. Recall
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Figure B.3: A realization of the proposed non-uniform user distribution model.
The big circles denote BSs and the small circles denote users.

that in case of a cellular network, the Voronoi cell of each point denotes its
coverage region in the nearest neighbor connectivity model. Distribute N,
users uniformly in each Voronoi cell. For concreteness, we assume that N, is
the same for all the BSs and equal to the number of time-frequency resource
blocks, which models a full-buffer system. This assumption can be relaxed
under certain conditions as discussed in Chapter 3. Until this point, the user
distribution is fairly uniform although there is a subtle difference in this model
and the way typical user is usually defined to be uniformly distributed over R2.
We will remark on this difference later in this section. To induce dependence
in the BS and user point processes, we again use the the thinning idea and
retain points of the realization of ® independently with probability p and re-

move the rest. The users corresponding to the points that are removed are also
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Figure B.4: Comparison of the coverage probability of the proposed non-
uniform user distribution model with the analytical expression derived in
Lemma 21 and the baseline model assuming uniform user distribution.

removed. The thinned version of the point process ® with density Ap models
the BS locations. For the new coverage areas defined by the thinned point
process, the remaining users are biased towards the cell interior as shown in
Fig. B.3. A favorable characteristic of this model is the probabilistic attraction
introduced in the user and BS point processes without inducing any geomet-
ric constraints. The coverage probability can now be numerically evaluated
by averaging over these user locations. Recall that we assume interference-
limited scenario where thermal noise is negligible. For this setup, it is easy
to argue that the coverage probability is invariant to the changes in P, A and
N,. Note that the result of Lemma 21 is not exact for this simulation model,

as remarked below.
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Remark 26 (User uniformly distributed in R? vs. in randomly chosen Voronoi
Cell). There is a subtle difference in performing downlink analysis at a typi-
cal user uniformly distributed in R? and uniformly distributed in a randomly
chosen Voronoi cell. The former corresponds to the analytical model discussed
in the previous section for p = 1 and the latter corresponds to the simulation
model discussed in this section. The difference is induced by the structure of
Poisson Voronoi tessellation and can be understood by a simple fact that a
point uniformly distributed in R? is more likely to fall in a bigger Voronoi cell,
whereas there is no such bias towards bigger cells when the Voronoi cell itself

1s chosen randomly.

We now compare the coverage probability of this non-uniform user dis-
tribution model with the analytical expression derived in Lemma 21 in Fig. B.4.
We first note that the plots are surprisingly close and the difference highlighted
in Remark 26 does not have a significant impact on the coverage probability.
Thus, the analytical model based on conditional thinning can be used as an
accurate generative model to study coverage probability for this non-uniform
user distribution model described in this section. Further, we compare the
coverage probability with the baseline model, where the users are distributed
uniformly over R? independent of the BS point process. We note that the
difference in coverage predictions is significant even for high values of p. This
clearly highlights the importance of accurate user distribution models in the

performance analysis of cellular networks.
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B.6 Summary

In this appendix, we addressed the problem of incorporating non-uniform
user distributions in the random spatial models for cellular networks. Based
on the idea of conditional thinning, we first proposed a model to bias the lo-
cation of a typical user towards cell interior and then used it as a generative
model to study deployment scenarios where the users are more likely to lie
close to their serving BSs. The extension of this idea to HetNets is left as a

promising future work.
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Appendix C

Appendix to Chapter 4

C.1 Signaling Preliminaries

The received signal 1, from k' tier BS at a typical user located at the

origin is given by
ve= VBInl im+ Y Y VB s, ()

keX ye®, \zk

where P is the per user transmit power of k" tier BS, and z;, € CM**! is the
normalized transmit signal vector. The channel vector from k" tier BS to a
typical user located at origin is denoted by v;,, € CM+*! and for the interfering
link from a j™ tier BS located at y € R? is denoted by u;, € CMi*!. The
vectors v, u are assumed to have i.i.d. CN(0, 1) entries, independent across

BSs and of the user distances.

This chapter assumes linear precoding, in which the k™ tier BS multi-

plies the data symbol s ; destined for the ith user, for 1 <1i < ¥, by Wi SO
v

that the transmitted signal is a linear function, i.e. z; = kak,iskyi. When

zero-forcing beamforming with perfect CSI is employed to se?zle Uy, W, users in

tier k, j respectively, the columns of the precoding matrix Wy = [wy;|1<i<w, €

CMex¥k equal the normalized columns of Vk*(\?k\fk*)*l € CMex¥e for V =
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Vi, .., Vi ... Vg, ]* € CY*Mr heing the concatenated matrix of channel di-

rections, where the direction of each vector channel is represented as v;, = AR
The desired channel power is given by hi, = |vi, Wikl? = Vi, Wiil? - | Vil
which equals the product of two independent rv’s which are distributed as
Beta(My — Wy, + 1, U, — 1) and ['(My, 1), respectively. Therefore, the chan-
nel power is hg, ~ I'(Ag, 1) with A, = My — Uy, + 1. For the distribution
of the interfering marks, we assume that the precoding matrices have unit-
norm orthogonal columns and that W; is calculated independently of uj,.
Therefore, uj, and w; are independent isotropic unit-norm random vectors,
and ‘ﬁ;ywjf is a linear combination of ¥; complex normal random variables,

i.e. exponentially distributed. Neglecting the spatial correlation, we have that

gjy ~ I'(¥;, 1), since it is the sum of ¥; i.i.d. exponential random variables.

The case Ay = 1 and ¥; = M, is referred to as full SDMA. The
case that each BS only serves one user, i.e. W, = 1, using the beamforming
vector wi, = Vg, corresponds to SU-BF or MISO eigen-beamforming. In
that case, the channel power is given by hg, ~ I'(Ag, 1) with Ay, = M} and
the interference marks as g;, ~ ['(¥;,1) with ¥; = 1, Vj € X, since the
beamforming vectors w;, used by the j tier interfering BS are calculated

based on v;, i.e. independently of uj,.
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